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For Instructors

Features of the text. The book is organized into Modules. You can think of a module
as a chapter in a textbook.

In a TBIL course, each module starts with a Readiness Assurance Process to check
understanding of and and solidify prerequisite knowledge (from other courses or previous
modules) that will be needed in the upcoming module. The front page for each module pro-
vides a list of these Readiness Assurance outcomes, along with study resources and exercise
students can use to refresh themselve on this prerequisite knowledge. Readiness Assurance
Tests that assess this knowledge are available as part of the TBIL Resource Libary (see TBIL
Resource Library). Join the TBIL community (see Community and Support) to gain access
to these.

Within each module there is a varying amount of sections, one per learning outcome. Each
section is designed to guide students into being able to demonstrate their understanding of
that specific outcome. The learning outcome can be tested with a Checklt Exercise, which
are linked at the end of each section.

Within each section, students engage in Activities, which are interpersed with definitions,
theorems, remarks, examples, etc. as needed to guide the learning process. The activities
start in an exploratory way then building the concepts on the results of this exploration.
The concepts are then practiced with less scaffolding to build fluency. Finally, towards the
end of the section we connect the concepts and extend them to new settings.

Each section/learning outcome is designed with an exercise, a specific set of tasks, that
the students need to be able to solve to demonstrate their competency. Virtually limitless
randomized versions of the exercise can be generated via Checklt to build a problem bank
and allow for reassessment.

Community and Support. If you are adopting this text in your class, please fill out this
short form?® so we can track usage, let you know about updates, etc.

Implementation of these materials is supported by a TBIL community of practice which
offers both formal and informal professional devlopmentopportunities. The best way to
connect with us is on our Slack workspace?.

These materials are a product of our TBIL community. Feedback and suggestions

3forms.gle/Ktfbma6iBn2gN1W78
4chat.tbil.org/
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Video Resources

Videos are available at the end of each section. A complete playlist of videos aligned with
this text is available in two parts on YouTube:

o Chapters LT through IN”

o Chapters TI through PS®

Tyoutube.com/playlist?1ist=PLwXCBkIf7xBODPeQxULagMeWSK4YtLYog
8youtube.com/playlist?list=PLwXCBkIf7xBMrS1eTKOhX4FfZ7D1UO7Ly
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Chapter 1

Limits (LT)

Learning Outcomes

How do we measure “close-by” values?
By the end of this chapter, you should be able to...

1. Find limits from the graph of a function.

2. Infer the value of a limit based on nearby values of the function.

3. Compute limits of functions given algebraically, using proper limit properties.
4. Determine where a function is and is not continuous.

5. Determine limits of functions at infinity.

6. Determine limits of functions approaching vertical asymptotes.

Readiness Assurance. Before beginning this chapter, you should be able to...
a Use function notation and evaluate functions

e Review: Khan Academy!
o Practice:

o Evaluate functions?®

o Evaluate functions from their graphs®

o Function notation word problems*

lwww.khanacademy . org/math/algebra/x2f8bb11595b61c86: functions#x2f8bb11595b61c86:
evaluating-functions

2www.khanacademy .org/math/algebra/x2f8bb11595b61c86: functions/x2f8bb11595b61c86:
evaluating-functions/e/functions_17modal=1

3www.khanacademy.org/math/algebra/x2f8bb11595b61c86: functions/x2f8bb11595b61c86:
evaluating-functions/e/evaluate-functions-from-their-graph?modal=1

‘www.khanacademy.org/math/algebra/x2f8bb11595b61c86: functions/x2f8bb11595b61c86:
interpreting-function-notation/e/function-notation-in-context?modal=1


https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions#x2f8bb11595b61c86:evaluating-functions
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions/x2f8bb11595b61c86:evaluating-functions/e/functions_1?modal=1
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions/x2f8bb11595b61c86:evaluating-functions/e/evaluate-functions-from-their-graph?modal=1 
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions/x2f8bb11595b61c86:interpreting-function-notation/e/function-notation-in-context?modal=1 
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b Find the domain of a function

e Review: Khan Academy®
e Practice: Determine the domain of functions®

¢ Determine vertical asymptotes, horizontal asymptotes, and holes (removable disconti-
nuities) of rational functions

o Review:

o Discontinuities of rational functions’

o Finding horizonal asymptotes®
o Practice:

o Rational functions: zeros, asymptotes, and undefined points®
o Finding horizonal asymptotes!®

d Perform basic operations with polynomials

o Review:
o Adding and subtracting polynomials'?
o Multiplying polynomials'?

o Practice:

o Add polynomials'?
o Subtract polynomials'4

Swww.khanacademy.org/math/algebra/x2f8bb11595b61c86: functions#x2f8bb11595b61c86:
determining-the-domain-of-a-function
Swww.khanacademy.org/math/algebra/x2f8bb11595b61c86: functions/x2f8bb11595b61c86:
determining-the-domain-of-a-function/e/domain-of-algebraic-functions?modal=1
"www.khanacademy . org/math/precalculus/x9e81a4f98389efdf :rational-functions#
x9e81a4f98389%efdf :discontinuities-of-rational-functions
8www.softschools.com/math/calculus/finding_horizontal_asymptotes_of_rational_
functions/
9www.khanacademy.org/math/precalculus/x9e81a4f98389efdf : rational-functions/
x9e81a4f98389efdf :discontinuities-of-rational-functions/e/points-of-discontinuity-of-rational-
modal=1
YOyww.softschools.com/math/calculus/finding_horizontal_asymptotes_of_rational_
functions/
Hyww.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:
get-ready-for-polynomials#x65c069afc012e9d0:adding-and-subtracting-polynomials
2yww.khanacademy . org/math/get-ready-for-precalculus/x65c069afc012e9d0:
get-ready-for-polynomials/x65c069afc012e9d0:multiplying-binomials-by-polynomials/
a/multiplying-binomials-by-polynomials-review
13yww.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:
get-ready-for-polynomials/x65c069afc012e9d0:adding-and-subtracting-polynomials/e/
adding_and_subtracting_polynomials?modal=1
Yyww.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:
get-ready-for-polynomials/x65c069afc012e9d0:adding-and-subtracting-polynomials/e/
subtract-polynomials?modal=1


https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions#x2f8bb11595b61c86:determining-the-domain-of-a-function
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions/x2f8bb11595b61c86:determining-the-domain-of-a-function/e/domain-of-algebraic-functions?modal=1 
https://www.khanacademy.org/math/precalculus/x9e81a4f98389efdf:rational-functions#x9e81a4f98389efdf:discontinuities-of-rational-functions 
https://www.softschools.com/math/calculus/finding_horizontal_asymptotes_of_rational_functions/
https://www.khanacademy.org/math/precalculus/x9e81a4f98389efdf:rational-functions/x9e81a4f98389efdf:discontinuities-of-rational-functions/e/points-of-discontinuity-of-rational-functions?modal=1 
https://www.softschools.com/math/calculus/finding_horizontal_asymptotes_of_rational_functions/
https://www.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:get-ready-for-polynomials#x65c069afc012e9d0:adding-and-subtracting-polynomials
https://www.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:get-ready-for-polynomials/x65c069afc012e9d0:multiplying-binomials-by-polynomials/a/multiplying-binomials-by-polynomials-review
https://www.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:get-ready-for-polynomials/x65c069afc012e9d0:adding-and-subtracting-polynomials/e/adding_and_subtracting_polynomials?modal=1
https://www.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:get-ready-for-polynomials/x65c069afc012e9d0:adding-and-subtracting-polynomials/e/subtract-polynomials?modal=1
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o Multiply binomials by polynomials'®
e Factor quadratic expressions

e Review: Khan Academy!¢

 Practice: Factoring quadratics intro'”
f Represent intervals using number lines, inequalities, and interval notation

e Review: Varsity Tutor!®

1.1 Limits Graphically (LT1)

Learning Outcomes

o Find limits from the graph of a function.

1.1.1 Activities

Activity 1.1.1 In Figure 1 the graph of a function is given, but something is wrong. The
graphic card failed and one portion did not render properly. We can’t see what is happening
in the neighborhood of z = 2.

5yww.khanacademy . org/math/get-ready-for-precalculus/x65c069afc012e9d0:
get-ready-for-polynomials/x65c069afc012e9d0:multiplying-binomials-by-polynomials/
e/multiplying_polynomials?modal=1

16yww.khanacademy.org/math/algebra/x2f8bb11595b61c86:quadratics-multiplying-factoring/

x2f8bb11595b61c86: factor-quadratics-intro/a/factoring-simple-quadratics-review?
modal=1

1"www.khanacademy . org/math/algebra/x2f8bb11595b61c86:quadratics-multiplying-factoring/

x2f8bb11595b61c86: factor-quadratics-intro/e/factoring_polynomials_17modal=1
8yww.varsitytutors.com/hotmath/hotmath_help/topics/interval-notation


https://www.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:get-ready-for-polynomials/x65c069afc012e9d0:multiplying-binomials-by-polynomials/e/multiplying_polynomials?modal=1 
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:quadratics-multiplying-factoring/x2f8bb11595b61c86:factor-quadratics-intro/a/factoring-simple-quadratics-review?modal=1 
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:quadratics-multiplying-factoring/x2f8bb11595b61c86:factor-quadratics-intro/e/factoring_polynomials_1?modal=1 
https://www.varsitytutors.com/hotmath/hotmath_help/topics/interval-notation
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Figure 1 A graph of a function that has not been rendered properly.

(a) Imagine moving along the graph toward the missing portion from the left, so that you
are climbing up and to the right toward the obscured area of the graph. What y-value
are you approaching?

A. 05 C. 15 E. 25
B. 1 D. 2

(b) Think of the same process, but this time from the right. You're falling down and to
the left this time as you come close to the missing portion. What y-value are you

approaching?
A. 05 C. 1.5 E. 25
B. 1 D. 2

Activity 1.1.2 In Figure 2 the graphic card is working again and we can see more clearly
what is happening in the neighborhood of z = 2.
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Figure 2 A graph of a function that has rendered properly

(a) What is the value of f(2)?

(b) What is the y-value that is approached as we move toward x = 2 from the left?

A. 05 C. 15 E. 25
B. 1 D. 2

(c) What is the y-value that is approached as we move toward « = 2 from the right?

A 05 C. 15 E. 25
B. 1 D. 2

Remark 1.1.3 When studying functions in algebra, we often focused on the walue of a
function given a specific z-value. For instance, finding f(2) for some function f(z). In
calculus, and here in Activity 1.1.1 and Activity 1.1.2, we have instead been exploring what
is happening as we approach a certain value on a graph. This concept in mathematics is
known as finding a limit.

Activity 1.1.4 Based on Activity 1.1.1 and Activity 1.1.2, write your first draft of the
definition of a limit. What is important to include? (You can use concepts of limits from
your daily life to motivate or define what a limit is.)

Definition 1.1.5 Given a function f, a fixed input z = a, and a real number L, we say that
f has limit L as x approaches a, and write
lim f(z) =L

r—a

provided that we can make f(z) as close to L as we like by taking z sufficiently close (but
not equal) to a. If we cannot make f(x) as close to a single value as we would like as x
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approaches a, then we say that f does not have a limit as x approaches a. O

Activity 1.1.6

1C

A

Figure 3 A piecewise-defined function

What is the limit as x approaches 0 in Figure 37

A. The limit is 1 C. The limit is 0

B. The limit is -1 D. The limit is not defined
Definition 1.1.7 We say that f has limit Ly as © approaches a from the left and write

lim f(x) =14

r—a~

provided that we can make the value of f(x) as close to L; as we like by taking z sufficiently
close to a while always having © < a. We call L; the left-hand limit of f as x approaches a.
Similarly, we say Lo is the right-hand limit of f as x approaches a and write

lim f(z) = Lo

z—at

provided that we can make the value of f(x) as close to Ly as we like by taking z sufficiently
close to a while always having = > a. O

Activity 1.1.8 Refer again to Figure 3 from Activity 1.1.6.

(a) Which of the following best matches the definition of right and left limits? (Note that
DNE is short for "does not exist.”)

A. The left limit is -1. The right limit is 1.
B. The left limit is 1. The right limit is -1.
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C. The left limit DNE. The right limit is 1.
D. The left limit is -1. The right limit DNE.
E. The left limit DNE. The right limit DNE.

(b) What do you think the overall limit equals?

A. The limit is 1 C. The limit is 0
B. The limit is -1 D. The limit is not defined
Activity 1.1.9 Consider the following graph:
6
AN 5
4
o s
SR MBI
® 1
~ [ |
76 5 4 -3 2 -10 2 3 4

-
1
[*2)
~

&

Figure 4 Another piecewise-defined function

(a) Find lim f(z) and wEI_lg)+ f(z).

r——3"

(b) Find lim f(z)and lim f(x).

T——1— r——11

(c¢) Find lim f(z) and lim f(z).

T2~ r—21

(d) Find lim f(x) and lim f(z).

x—4~ z—4+t
(e) For which z-values does the overall limit exist? Select all. If the limit exists, find it.
If it does not, explain why.
A -3 C. 2

B. -1 D. 4

Activity 1.1.10 Sketch the graph of a function f(z) that meets all of the following criteria.
Be sure to scale your axes and label any important features of your graph.
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1.

2.

3.

lim f(x) is finite, but lim f(x) is infinite.

z—5~ z—5+
lim f(z) = —4, but f(-3) =0.
z——3
lim f(x)=—1but lim f(z)# —L1
z——1" z——17+

Theorem 1.1.11 Suppose that:

for an interval around x = a, we have that f(x) < g(z) < h(z) ;

the limit as x approaches a of f(x) is equal to the same value L as the limit of h(x),
so lim f(z) = L = lim h(z).
Tr—a T—a

Then, the limit of g(z) as  — a is also L, so lim g(x) = L.

T—ra

Activity 1.1.12 In this activity we will explore a mathematical theorem, the Squeeze The-
orem (Theorem 1.1.11).

()

(b)

(c)

(d)

(e)

The part of the theorem that starts with “Suppose..” forms the assumptions of the
theorem, while the part of the theorem that starts with “Then..” is the conclusion
of the theorem. What are the assumptions of the Squeeze Theorem? What is the
conclusion?

The assumptions of the Squeeze Theorem can be restated informally as “the function
g is squeezed between the functions f and h around a.” Explain in your own words
how the two assumptions result into a “squeezing effect.”

Let’s see an example of the application of this theorem. First examine the following

picture. Explain why, from the picture, it seems that both assumptions of the theorem
hold.

h(x)

Figure 5 A pictorial example of the Squeeze Theorem.

sin(z) '

Match the functions f(x), g(z), h(x) in the picture to the functions cos(x), 1,

xz

sin(x)

Using trigonometry, one can show algebraically that cos(x) < < 1 for x values

T
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close to zero. Moreover, hH(l) cos(z) = cos(0) = 1 (we say that cosine is a continuous
r—r

sin(x) ‘

function). Use these facts and the Squeeze Theorem, to find the limit lim
z— T

1.1.2 Videos

Standalone

Figure 6 Video for LT1

1.1.3 Exercises

Exercises available at https://tbil.org/calculus/2024/exercises/#/bank/LT1/

1.2 Limits Numerically (LT2)

Learning Outcomes

o Infer the value of a limit based on nearby values of the function.

1.2.1 Activities

Activity 1.2.1
Table 7

T 6.9 6.99 6.999 7 7.001 7.01 7.1
f(z) 0.1695 0.1699 0.1667 7 0.1667 0.1664 0.1639

Based on the values of Table 7, what is the best approximation for lin% f(z)?
T—

A. the limit is approximately 7 D. the limit is approximately 0.1667

B. the limit is approximately 0.17

C. the limit is approximately 0.16 E. the limit is approximately 6.9999


https://tbil.org/video-LT1.html
https://tbil.org/calculus/2024/exercises/#/bank/LT1/
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Remark 1.2.2 Notice that the value we obtained in Activity 1.2.1 is only an approximation,
based on the trends that we have seen within the table.

Activity 1.2.3
Table 8

x 1.25 1.5 1.75 2 2.25 25 275
f(x) —=0.7606 —0.13 0.4881 7 1.3119 1.33 0.9606

In Activity 1.1.1’s Figure 1 we found an approximation to the limit of the function as x
tends to 2. Now let us say you are also given a table of numerical values (Table 8) for the
function. Given this new information which of the choices below best describes the limit of
the function as x tends to 27

A. There is not enough information because we do not know the value of the function at
r = 2.

B. The limit can be approximated to be 1 because the data in the table and the graph
show that from the left and the right the function approaches 1 as x goes to 2.

C. The limit can be approximated to be 1 because the values appear to approach 1 and
the graph appears to approach 1, but we should zoom in on the graph to be sure.

D. The limit cannot be approximated because the function might not exist at x = 2.
Activity 1.2.4
Table 9

z 09 099 0999 1 1001 1.0l 1.1
fz) —04 —049 —0.499 7 0499 049 0.4

Based on Table 9, what information can be inferred about lim f(x), lim+ f(z), and
=1~ z—1
lim f(z)?
z—1

A. lim f(z) =-0.5, lim f(z)=0.5, and lim f(z) =0
z—1+ z—1

rz—1—

B. lim f(x)=—-0.5, lim f(z)=0.5, and lin% f(z) does not exist
T—

r—1— z—1t

C. lim f(x)=0.5, lim f(x) = —0.5, and lim f(x) does not exist
z—1+ z—1

r—1—

D. lim f(z)=0.5, lim f(z) = —0.5, and liiq flz)=0

z—1— z—17t
Activity 1.2.5 Consider the following function f(z) = 3z3 + 22* — 5x + 20.

(a) Of the following options, at which values given would you evaluate f(x) to best deter-
mine lirr% f(z) numerically?
z—

A. 1.9, 1.99, 2.0, 2.01, 2.1 C. 1.8, 19,20, 2.1, 2.2
B. 1.98, 1.99, 2.0, 2.01, 2.02 D. 1.0, 1.5, 2.0, 2.5, 3.0
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(b) Use the values that you chose in part (a) to calculate an approximation for lir% f(z).
T—r

(c) Which value best describes the limit that you obtained in part (b)?

A. The approximate value is 41.25
B. The approximate value is 41.5
C. The approximate value is 41.75

D. The approximate value is 42

1

Activity 1.2.6 In Figure 10 is the graph for f(z) = sin (—) Several values for f(z) in the
T

neighborhood of = = 0 are approximated in Table 11.

Figure 10 Graph of f(z) = sin(1/x).
Table 11

x —0.1 —0.01 —-0.001 0 0.001 0.01 0.1
f(z) 0.54402 0.50637 —0.82688 7 0.82688 —0.50637 —0.54402

(a) Based on the graph and table what is the best explanation for the limit as x tends to
zero?
A. The limit does not exist because the left and right limits have opposite values.

B. The limit does not exist because we do not have enough information to answer
the question.

C. The limit does not exist because the function is oscillating between -1 and 1.

D. The limit does not exist because you are dividing by zero when = = 0 for f(x).

(b) Would your conclusion that resulted from Activity 1.2.6 change if the function was
f(z) = cos(1/x) or f(z) = tan(1l/z)?
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Activity 1.2.7 Use technology to complete the following table of values.

2 —x—12
2+ 162 + 39

fz) =

z |-31 —3.01 —3.001 —3 —2.999 —2.99 —2.9
f(@)]

Then explain how to use it to make an educated guess as to the value of the limit

. 2 —x—12
lim
e—-3 22 + 162 + 39

Activity 1.2.8 was inspired by https://www.quantamagazine.org/
infinite-powers-usain-bolt-and-the-art-of-calculus-20190403/
Its data was taken from https://speedendurance.com/2008/08/22/
usain-bolt-100m-10-meter-splits-and-speed-endurance/

Activity 1.2.8 In this activity you will study the velocity of Usain Bolt in his Beijing 100
meters dash. He completed 100 meters in 9.69 seconds for an overall average speed of 100/
9.69 = 10.32 meters per second (about 23 miles per hour). But this is the average velocity on
the whole interval. How fast was he at different instances? What was his maximum velocity?
Let’s explore this. The table Table 12 shows his split times recorded every 10 meters.

Table 12

t(seconds) 1.85 2.87 3.78 4.65 55 632 7.14 796 879 9.69
d (meters) 10 20 30 40 50 60 70 80 90 100

(a) What was the average velocity on the first 50 meters? On the second 50 meters?
(b) What was the average velocity between 30 and 50 meters? Between 50 and 70 meters?
(c) What was the average velocity between 40 and 50 meters? Between 50 and 60 meters?

(d) What is your best estimate for the Usain’s velocity at the instant when he passed the
50 meters mark? This is your estimate for the instantaneous velocity.

(e) Using the table of values, explain why 50 meters is NOT the best guess for when the
instantaneous velocity was the largest. What other point would be more reasonable?


https://www.quantamagazine.org/infinite-powers-usain-bolt-and-the-art-of-calculus-20190403/
https://www.quantamagazine.org/infinite-powers-usain-bolt-and-the-art-of-calculus-20190403/
https://speedendurance.com/2008/08/22/usain-bolt-100m-10-meter-splits-and-speed-endurance/
https://speedendurance.com/2008/08/22/usain-bolt-100m-10-meter-splits-and-speed-endurance/
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1.2.2 Videos

i
[m]

Standalone

Figure 13 Video for LT2

1.2.3 Exercises

Exercises available at https://tbil.org/calculus/2024/exercises/#/bank/LT2/

1.3 Limits Analytically (LT3)

Learning Outcomes

o Compute limits of functions given algebraically, using proper limit properties.

1.3.1 Activities

Remark 1.3.1 Recall that in Activity 1.2.5 we used numerical methods and table of values
to find the limit of a relatively simple degree three polynomial at a point. This was inefficient,
“there’s gotta be a better way!”

1
Activity 1.3.2 Given f(x) = 32? — §x+4, evaluate f(2) and approximate 1ir% f(z) numer-
T—r
ically (or graphically). What do you think is more likely?

A. lim f(x) = £(2) C. lim f(x) # /(2)

r—2

B. lim f(x) ~ f(2)

Activity 1.3.3 The table below gives values of a few different functions.


https://tbil.org/video-LT2.html
https://tbil.org/calculus/2024/exercises/#/bank/LT2/
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Table 14
T 6.99 6.999 7.001 7.01
f(x) 13.99 13.999 14.001 14.01
g(x) 22.97 22.997  23.003 23.03
3f(x) 41.97 41.997  42.003  42.03

f(x)+g(x) 36.96  36.996 37.004 37.04
f(x)g(x)  321.350 321.935 322.065 322.650

Using the table above, which of the following is least likely to be true?

A. glcl_)rr%f(x) = 14 and glggn%g(x) =23
B. 9101_>H%3f(x) = 3}:1_>n%f(x)

C. lim (f(z) + ¢(x)) = lim f(z) + lim g(z)

r—7

D. lim (f(2)g(x)) = £(7) (1im g(x) )

r—7 z—7

Remark 1.3.4 In Activity 1.3.3 we observed that limits seem to be "well-behaved” when
combined with standard operations on functions. The next theorems, known as Limit Laws,
tell us how limits interact with combinations of functions.

Theorem 1.3.5 Limit Laws, I. Let f and g be functions defined on an open interval I
containing the real number ¢ satisfying

lim f(x) = L and lim g(z) = K,

Tr—cC Tr—C

for L and K some real numbers. Then we have the following limits.

1. Constant Law: lim b = b, for b any constant real number;
Tr—cC

2. Identity Law: ilg}::c =c;

3. Sum/Difference Law: glcgni(f(x) +tg(z)) =L+ K;

4. Scalar Multiple Law: glgl_}Hib - f(z) = bL, for b any constant real number;
5. Product Law: }clir(l: f(z)-g(x) = LK;

6. Quotient Law: if K # 0, then glgri flz)/g(z) =L/K.

Activity 1.3.6 If lin% f(z) = 2 and lirr% g(x) = —3, which of the following statements are
z— z—
true? Select all that apply!
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A liny(f(x) - gf)) = ~6 C. lim(f(x) ~ g(x)) = ~2
B. lim(f(x) + g(x)) = ~1 D. liny(/(x)/g(x)) = ~2/3

Theorem 1.3.7 Limit Laws, I1. Let f and g be functions defined on an open interval I
containing ¢ satisfying

lim f(z) = L, lirr}Jg(a:) = K,andg(L) = K.
x—

T—rC
Then we have the following limits as well.

1. Power Law: lim f(x)" = L", for n a positive integer;
T—C
2. Root Law: lim ¥/f(x) = V'L, for n a positive integer;
Tr—cC

3. Composition Law: lim g(f(z)) = K.

Tr—cC

Activity 1.3.8 Below you are given the graphs of two functions. Compute the limits below
(if possible).

3 F

Figure 15 The graph of f(z). Figure 16 The graph of g(z).
(a) lim () + g(c).

(b) lim 3f(z).

r—5t

(c) lim f(z)g(x).

() (Challenge) lim g(2)/(x).

(e) (Challenge) lim f(g(x)).

z—0t
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Activity 1.3.9 Given p(z) = —32? — 5z + 7, which of the following limit laws would use to
determine liH% p(z)? Choose all that apply.
z—

A. Sums/Difference Law D. Identity Law
B. Scalar Multiple Law E. Power Law
C. Product Law F. Constant Law

Theorem 1.3.10 Limits of Polynomials. If p(z) is a polynomial and c is a real number,
then limp(z) = p(c). This is also known as the Direct Substitution Property for
Tr—cC

polynomials.
Activity 1.3.11 Given p(z) = =322 — 5z + 7 and ¢q(x) = z* — 2?4+ 3, which of the following
describes the most efficient way to determine lim M?

r——1 q(x)

A. Sums/difference, scalar multiple, and product laws
B. Theorem 1.3.10 and the quotient law
C. Power, sums/difference, scalar multiple, and constant laws

D. Quotient and root law

Theorem 1.3.12 Limits of Rational Functions. If p(x) and q(z) are polynomials, c is

p(z) _ plc)

a real number, and q(c) # 0 then lim —= = .
w=eq(z)  q(c)

p()

Activity 1.3.13 Consider taking the limit of a rational function ﬂ as x — c. If g(c) =0,
q(x

x
is it possible for lim M to equal a number?
z—e q(x)

p(x)

A. No, because — is not defined at = = ¢ since ¢(c) = 0.

q(x)

2
-1
B. Yes, because if you graph f(z) = L T the value f(1) is not defined, but the graph
l’ —_—

shows that the limit of f(z) does exist as © — 1.

2
1
C. No, because if you graph g(z) = ‘ +1 , the value g(1) is not defined and the graph
x p—

shows that the limit of lim g(z) does not exist.
Tr—cC

D. Yes, because we can use Theorem 1.3.12.

Activity 1.3.14 Let f(z) = 2z and g(x) = x, which of the following statements is true?
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A. glclirtl)(f(x)/g(x)) =0 C. glclirtl)(f(x)/g(x)) cannot be determined
B. }:grg)(f(x)/g(:c)) =2 D. }:grg)(f(x)/g(:c)) does not exist

Remark 1.3.15 When we compute the limit of a ratio where both the numerator and

0
denominator have limit equal to zero, we have to compute the value of a — indeterminate
form. The value of an indeteminate form can be any real number or even infinity or not
existent, we just do not know yet! We can usually determine the value of an indeterminate
form using some algebraic manipulations of the expression given.
Definition 1.3.16 A function f(z) has a hole at = = ¢ if f(c¢) does not exist but lim f(x)

Tr—cC

does exist and is equal to a real number. O
21
The function f(x) = - . has a hole at © = 1 because f(1) is not defined but
x J—
21 -1 1
lim L gy B D@D ey =2
=1 x—1 2=l x—1 z—1

2

x
so the limit exists and is equal to a real number. Notice that lim is also an example

r—1 1 —
0
of a limit giving an indeterminate form 0 which we could then compute using an algebraic

manipulation of the function given. 0

Activity 1.3.18 Determine the following limits and explain your reasoning.

o 2 —6x+5
lim —m8M—
z——6 32 — 31 — 18

. 2 —1
Iim —m—m—
e——122+ 3z + 2
. T —9
im —
=5 \/x +31 — 6
Activity 1.3.19 In Activity 1.2.8 you studied the velocity of Usain Bolt in his Beijing
100 meters dash. We will now study this situation analytically. To make our computations

simpler, we will approximate that he could run 100 meters in 10 seconds and we will consider
the model d = f(t) = 2, where d is the distance in meters and ¢ is the time in seconds.

Note 1.3.20 The average velocity is the ratio distance covered over time elapsed. If we
consider the interval that starts at ¢ = a and has width h, written [a,a + h], the average

h) — h) —
velocity on this interval is fla+h) = fla) = fla+h) f(a)' The instantaneous velocity
(a+h)—a h

fla+h) = f(a)
- :

at time t = a is given by:

lim
h—0

(a) Compute the average velocity on the interval [5,6]. We think of this interval as [5, 5+ h]



CHAPTER 1. LIMITS (LT) 18

for the value of h = 1.

(b) Compute the average velocity starting at 5 seconds, but now with A = 0.5 seconds.

(c) We want to study the instantaneous velocity at @ = 5 seconds. Find an expression for
the average velocity on the interval [5,5 + h], where h is an unspecified value.

(d) Expand your expression. When h # 0, you can simplify it!

(e) Recall that the instantaneous velocity is the limit of your expression as h — 0. Find
the instantaneous velocity given by this model at ¢ = 5 seconds.

(f) The model d = f(t) = t* does not really capture the real-world situation. Think of at

least one reason why this model does not fit the scenario of Usain Bolt’s 100 meters
dash.

1.3.2 Videos

[=] 5y (=]

i

[=]

Standalone

Figure 17 Video for LT3

1.3.3 Exercises

Exercises available at https://tbil.org/calculus/2024/exercises/#/bank/LT3/

1.4 Continuity (LT4)

Learning Outcomes

e Determine where a function is and is not continuous.


https://tbil.org/video-LT3.html
https://tbil.org/calculus/2024/exercises/#/bank/LT3/
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1.4.1 Activities

Remark 1.4.1 A continuous function is one whose values change smoothly, with no jumps
or gaps in the graph. We’ll explore the idea first, and arrive at a mathematical definition
soon.

Activity 1.4.2 Which of the following scenarios best describes a continuous function?
A. The age of a person reported in years
B. The price of postage for a parcel depending on its weight
C. The volume of water in a tank that is gradually filled over time

D. The number of likes on my latest TikTok depending on the time since I posted it

Remark 1.4.3 How would you use the language of limits to clarify the definition of conti-
nuity?

Activity 1.4.4 A function f defined on —4 < x < 4 has the graph pictured below. Use the
graph to answer each of the following questions.

f

N W

Figure 18

(a) For each of the values a = =3, =2, —1, 0, 1, 2, 3, determine whether the limit lim f(z)

Tr—a
exists. If the limit does not exist, be ready to explain why not.

(b) For each of the values of a where the limit of f exists, determine the value of f(a) at
each such point.

(c) For each such a value, is f(a) equal to lim f(x)?
r—a
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(d) Use your understanding of continuity to determine whether f is continuous at each
value of a.

(e) Are there any revisions you would make to the definition of continuity that you arrived
at toward the end of Remark 1.4.37

Definition 1.4.5 A function f is continuous at x = a provided that
1. f has a limit as x — a

2. f is defined at x = a (equivalently, @ is in the domain of f), and

3. lim f(x) = f(a).

r—a
Q
Activity 1.4.6 Suppose that some function h(z) is continuous at x = —3. Use Defini-
tion 1.4.5 to decide which of the following quantities are equal to each other.
Al xgr_rgﬁ h(x) C. mlgrggh(x)
B. lim h(z) D. h(-3)

Activity 1.4.7 Consider the function f whose graph is pictured below (it’s the same graph
from Activity 1.4.4). In the questions below, consider the values a = —3, —2, —1, 0, 1, 2, 3.

f

N W

Figure 19

(a) For which values of a do we have lim f(x) # lim f (x)?
T—a T—ra

(b) For which values of a is f(a) not defined?
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(c) For which values of a does f have a limit at a, yet f(a) # lim f(x)?
Tr—a

(d) For which values of a does f fail to be continuous? Give a complete list of intervals on
which f is continuous.

Activity 1.4.8 Which condition is stronger, meaning it implies the other?

A. f has a limit at z = a B. f is continuous at z = a

Activity 1.4.9 Previously, you have used graphs, tables, and formulas to answer questions
about limits. Which of those are suitable for answering questions about continuity?

A. Graphs only C. Graphs and formulas only

B. Formulas only D. Tables and formulas only

Activity 1.4.10 Consider the function f whose graph is pictured below.
3%

2 +

Figure 20 The graph of f(z).

Give a list of x-values where f(z) is not continuous. Be prepared to defend your answer
based on Definition 1.4.5.
Remark 1.4.11 When lim f(z) exists but is not equal to f(a), we say that f has a remov-
T—a

able discontinuity at x = a. This is because if f(a) were redefined to be equal to lim f(z),
r—a

the redefined function would be continuous at = = a, thus “removing” the discontinuity.
When the left and right limit exist separately, but are not equal, the discontinuity is not
removable and is called a jump discontinuity.

Activity 1.4.12

(a) Determine the value of b to make h(x) continuous at x = 5.

b—uz, T <H
ha)=1""
—x*+6x—6, xr>5
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(b) Classify the type of discontinuity present at x = —6 for the function f(z).

—8xr —46, z < —6
4+ 30, x> —6

Theorem 1.4.13 If f and g are continuous at x = a and c is a real number, then the
functions f+gq, f—g, cf, and fg are also continuous at x = a. Moreover, f/g is continuous
at x = a provided that g(a) # 0.

Activity 1.4.14 Answer the questions below about piecewise functions. It may be helpful
to look at some graphs.

(a) Which values of ¢, if any, could make the following function continuous on the real
line?

g(x):{x+c xr <2

x? x> 2

(b) Which values of ¢, if any, could make the following function continuous on the real

line?
4 zx<c
=11

T xr >c

(c) Which values of ¢, if any, could make the following function continuous on the real
line?

<

k() = xr x<c

> x>c

Theorem 1.4.15 Intermediate Value Theorem. Suppose that:
e the function f is continuous on the interval [a,b] ;
e you pick a value N such that f(a) < N < f(b) or f(b) < N < f(a).

Then, there is some input ¢ in the interval [a,b] such that f(c) = N.

Activity 1.4.16 In this activity we will explore a mathematical theorem, the Intermediate
Value Theorem.

(a) To get an idea for the theorem, draw a continuous function f(z) on the interval [0, 10]
such that f(0) =8 and f(10) = 2. Find an input ¢ where f(c) = 5.

(b) Now try to draw a graph similar to the previous one, but that does not have any input
corresponding to the output 5. Then, find where your graph violates these conditions:
f(z) is continuous on [0, 10], f(0) =8, and f(10) = 2.

(c) The part of the theorem that starts with “Suppose..” forms the assumptions of the
theorem, while the part of the theorem that starts with “Then..” is the conclusion of
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the theorem. What are the assumptions of the Intermediate Value Theorem? What is
the conclusion?

(d) Apply the Intermediate Value Theorem to show that the function f(z) = 2® + 2 — 3
has a zero (so crosses the z-axis) at some point between x = —1 and = = 2. (Hint:
What interval of = values is being considered here? What is N? Why is N between

f(a) and f(b)?)

1.4.2 Videos

Standalone

Figure 21 Video for LT4

1.4.3 Exercises

Exercises available at https://tbil.org/calculus/2024/exercises/#/bank/LT4/

1.5 Limits with Infinite Inputs (LT5)

Learning Outcomes

e Determine limits of functions at infinity.

1.5.1 Activities

Activity 1.5.1 Consider the graph of the polynomial function f(x) = z* . We want to think
about what the long term behavior of this function might be. Which of the following best
describes its behavior?


https://tbil.org/video-LT4.html
https://tbil.org/calculus/2024/exercises/#/bank/LT4/
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60 1
40 1

20 |

Figure 22 The graph of z°.
A. As z gets larger, the function 2 gets smaller and smaller.
B. As z gets more and more negative, the function 2 gets more and more negative.
C. As x gets more and more positive, the function 2® gets more and more negative.

D. As z gets smaller, the function 2 gets smaller and smaller.

Remark 1.5.2 We say that “the limit as x tends to negative infinity of 22 is negative infinity”
and that “the limit as 2 tends to positive infinity of z® is positive infinity.” In symbols, we
write

3

lim z° = o0
r—r00

and
3

lim z° = —o0.
T—r—00
Activity 1.5.3 Consider the graph of the rational function f(z) = 1/2® . We want to think
about what the long-term behavior of this function might be. Which of the following best

describes its behavior?
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1,000

500 |

—50

—1,000"!

Figure 23 The graph of 1/23.
A. As z tends to oo, the function 1/2? tends to oo.
B. As z tends to —oo, the function 1/x? tends to 0.

C. As x tends to oo, the function 1/z% tends to —oo.

D. As z tends to 0, the function 1/2® tends to 0.

Definition 1.5.4 A function has a horizontal asymptote at y = b when

lim f(z) =10
or
A, fle)=b

This means that we can make the output of f(x) as close as we want to b, as long as we take
x a large enough positive number (x — o0) or a large enough negative number (r — —o0).

O

Remark 1.5.5 The function 1/2® has horizontal asymptote y = 0 on both the left and the
right, because

1
— —0aszx — —0
3

and

1
— — 0asx — oo.
3

Activity 1.5.6 Which of the following functions have horizontal asymptotes? Select all!
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Activity 1.5.7 Recall that a rational function is a ratio of two polynomials. For any given
rational function, what are all the possible behaviors as = tends to co or —o0?

A. The only possible limit is 0.
B. The only possible limits are 0 or £oo.
C. The only possible limits are 0, 1 or +oc.

D. The only possible limits are any constant number or +oo.

Activity 1.5.8 In this activity we will examine functions whose limits as x approaches oo
are nonzero constants.

(a) Graph the following functions and consider their limits as x approaches oo and —oo.
Which functions have such a limit that is nonzero and constant? Find each of these
limits.
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2 —x+3 102° — 3z + 2
A - rmrTY D. _ T
@) = s er 1 I =55 321
r? —3 —8x2 —bxr+1
b f<x>:5rc3—2x2+5 B flz) = 212 — 27 + 3
x* —3xr—2
C @) =3

(b) Conjecture a rule for how to determine that a rational function has a nonzero constant
limit as x approaches oo or —oo. Test your rule by creating a rational function whose
limit as * — oo equals 3 and then check it graphically.

Activity 1.5.9 What about when the limit is not a nonzero constant? How do we recognize
those? In this activity you will first conjecture the general behavior of rational functions and
then test your conjectures.

p(x)

(a) Consider a rational function r(z) = o) Looking at the numerator p(z) and the
q(z

denominator ¢(x), when does the function r(z) have limit equal to 0 as © — o0?

A. When the ratio of the leading terms is a constant.
B. When the degree of the numerator is greater than the degree of the denominator.
C. When the degree of the numerator is less than the degree of the denominator.

D. When the degree of the numerator is equal to the degree of the denominator.

(b) Consider a rational function r(z) = ]% Looking at the numerator p(x) and the
q(x
denominator ¢(z), when does the function r(x) have limit approaching infinity as
xr — 00?

A. When the ratio of the leading terms is a constant.
B. When the degree of the numerator is greater than the degree of the denominator.
C. When the degree of the numerator is less than the degree of the denominator.
D. When the degree of the numerator is equal to the degree of the denominator.

(c) Conjecture a rule for the each of the previous two parts of the activity. Test your rules

by creating a rational function whose limit as x — oo equals 0 and another whose limit
as x — oo is infinite. Then check them graphically.

Activity 1.5.10 Explain how to find the value of each limit.

(a)

) 6t +T7a%—7 ) 6t + 72 -7
lim — and lim —
rs—o0  6r—at+9 e—sto0  Gr—at+9
(b)
. Ta* =523 +8 ) Ta* =523 +8
lim — and lim

z—o—o0 3 (2254322 —3) a—too 3 (245 + 322 —3)
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(c)
i 3%+ 2% -8 4 1 328 + a3 -8
im ———— an im ———
-0 Tx — 6%+ 7 z—too Tx — 6% + 7
Activity 1.5.11 What is your best guess for the limit as x goes to oo of the function graphed
below?

1 |1
—1 -5 5) 0
Figure 30 A mysterious periodic function.
A. The limit is 0. D. The limit is +oo.
B. The limit is 1.
C. The limit is —1. E. The limit does not exist.

Warning 1.5.12 For a periodic function, a function whose outputs repeat periodically, there
is not one distinguished long-term behavior, so the limit does not exist. Notice that this is
different from the limit being oo in which case the outputs have a clear behavior: they

are getting larger and larger. Some authors apply “does not exist” for both of these cases.
Beware!

Activity 1.5.13 Compute the following limits.

o x3—z+383

(a) xglfnoof
1

b) 1 -
(c) lim 213

T—+o0 2 —

(d) lim 0

T——00 TL — 3

e’ + 2
(e) (Challenge) a:grfoo 2; i 3
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49
() (Challenge) lim_ ‘;’; i -
2+ 3)(x+1)

Activity 1.5.14 The graph below represents the function f(z) = s 3
x? —2x —

Figure 31 The graph of f(z)

(a) Find the horizontal asymptote of f(z). First, guess it from the graph. Then, prove
that your guess is right using algebra.

(b) Use limit notation to describe the behavior of f(x) at its horizontal asymptotes.
(c) Come up with the formula of a rational function that has horizontal asymptote y = 3.
(d) What do you think is happening around = = 37 We will come back to this in the next

section!

Note 1.5.15 An exponential function P(t) = a b’ exhibiting exponential decay will have the

long term behavior P(t) — 0 as t — oo. If we shift the graph up by ¢ units, we obtain the

new function Q(t) = ab’ + ¢, with the long term behavior tlim Q(t) = c¢. A cooling object
—00

can be represented by the exponential decay model Q(t) = a b’ + c.

Activity 1.5.16 In this activity you will explore an exponential model for a cooling object.

Consider a cup of coffee initially at 100 degrees Fahrenheit. The said cup of coffee
was forgotten this morning on the kitchen counter where the thermostat is set at 72 degrees
Fahrenheit. From previous observations, we can assume that a cup of coffee looses 10 percent
of its temperature each minute.

(a) In the long run, what temperature do you expect the coffee to tend to? Write your
observation with limit notation.

(b) In the model Q(t) = ab’ + ¢, your previous answer gives you the value of one of the
parameters in this model. Which one?

(c) From the information given, we notice that the cup of coffee has decay rate of 10% or
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r = —0.1. When an exponential model has decay rate r, its exponential base b has
value b = 1 + r. Use this to find the value of b for the exponential model described in
this scenario.

(d) Assume that the initial temperature corresponds to input ¢ = 0. Use the data about
the initial temperature to find the value of the parameter a in the model Q(t) = a b’ +c.

(e) You should have found that this scenario has exponential model Q(t) = 28 (0.9)" + 72.
If you go back to drink the cup of coffee 30 minutes after it was left on the counter,
what temperature will the coffee have reached?

1.5.2 Videos

Standalone

Figure 32 Video for LTH

1.5.3 Exercises

Exercises available at https://tbil.org/calculus/2024/exercises/#/bank/LT5/

1.6 Limits with Infinite Outputs (LT6)

Learning Outcomes

o Determine limits of functions approaching vertical asymptotes.

1.6.1 Activities
Activity 1.6.1 Consider the graph in Figure 33.


https://tbil.org/video-LT5.html
https://tbil.org/calculus/2024/exercises/#/bank/LT5/
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Figure 33 The graph of 1/z?%

(a) Which of the following best describes the limit as x approaches zero in the graph?

A.
B.

The limit is 0 C. The limit does not exist
The limit is positive infinity D. This limit is negative infinity

(b) Which of the following best describes the relationship between the line x = 0 and the
graph of the function?

A.
B.
C.
D.
E.

The line z = 0 is a horizontal asymptote for the function
The function is not continuous at the point x = 0
The function is moving away from the line x =0
The function is getting closer and closer to the line x = 0

The function has a jump in outputs around x = 0

Definition 1.6.2 A function has a vertical asymptote at + = a when

or

lim f(z) = +o0

T—ra

1i_r>n flz) = —o0

The limit being equal to positive infinity means that we can make the output of f(z) as large
a positive number as we want as long as we are sufficiently close to x = a. Similarly, the
limit being equal to negative infinity means that we can make the output of f(z) as large a
negative number as we want as long as we are sufficiently close to = = a. O

Activity 1.6.3 Select all of the following graphs which illustrate functions with vertical
asymptotes.
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Figure 34 Choices for vertical asymptotes

Remark 1.6.4 If 2 = a is a vertical asymptote for the function f(x), the function f(z) is
not defined at x = a. As f(a) does not exist, the function is NOT continuous at x = a.
Moreover, the function’s output tends to plus or minus infinity and so the limit is not equal
to a number.

Activity 1.6.5 Notice that as x goes to 0, the value of 2% goes to 0 but the value of 1/z?
goes to infinity. What is the best explanation for this behavior?

A. When dividing by an increasingly small number we get an increasing big number
B. When dividing by an increasingly large number we get an increasing small number
C. A rational function always has a vertical asymptote

D. A rational function always has a horizontal asymptote

1
Remark 1.6.6 Informally, we say that the limit of =" is infinite. Notice that this could

be either positive or negative infinity, depending on how whether the outputs are becoming
more and more positive or more and more negative as we approach zero.

2
Activity 1.6.7 Consider the rational function f(x) = 3 Which of the following options
x —

best describes the limits as x approaches 3 from the right and from the left?

A. As x — 37, the limit DNE, but as x — 3~ the limit is —oo.
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B. As x — 37, the limit is +o00, but as z — 3~ the limit is —oo.
C. As z — 37, the limit is +oo, but as x — 3~ the limit is +oco.
D. As x — 3T, the limit is —oo, but as x — 3~ the limit is —oco.

E. As 2 — 3T, the limit DNE and as  — 3~ the limit DNE.

Remark 1.6.8 When considering a ratio of functions f(x)/g(zx), the inputs a where g(a) = 0
are not in the domain of the ratio. If g(a) = 0 but f(a) is not equal to 0, then z = a is a
vertical asymptote.

2 —1

Activity 1.6.9 Consider the function f(z) = . The line z = 1 is NOT a vertical

asymptote for f(x). Why?

rx—1

A. When z is not equal to 1, we can simplify the fraction to x — 1, so the limit is 1.
B. When z is not equal to 1, we can simplify the fraction to x + 1, so the limit is 2.
C. The function is always equal to = + 1.

D. The function is always equal to x — 1.

Remark 1.6.10 Recall the definition of a hole from Definition 1.3.16. In Activity 1.6.9 we
have a hole at x = 1.

Activity 1.6.11 Find all the vertical asymptotes of the following rational functions.

3z —4
(2) y = Tr+1
e
© 4= (22 — 43)32:52 +1)
@ =50

Activity 1.6.12 Explain and demonstrate how to find the value of each limit.
(a)

- 4)%(z — 2)
z—-3- (x+3)(z—5)

(b) 2
lim (x+4)(x—2)
e—-3+ (x4 3)(z —5)
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(c)

(x + 4)2(1' —2)

I
5 (04 3)(z — 5)
2 4
Activity 1.6.13 The graph below represents the function f(z) = (z 2++ )?)(x +4 ) )
x x —

N W Oto 3 00

—6—5—4-3-2= 12345678

Figure 35 The graph of f(x)
(a) Explain the behavior of f(z) at z = —4.

(b) Find the vertical asymptote(s) of f(z). First, guess it from the graph. Then, prove
that your guess is right using algebra.

(c) Find the horizontal asymptote(s) of f(z). First, guess it from the graph. Then, prove
that your guess is right using algebra.

(d) Use limit notation to describe the behavior of f(x) at its asymptotes.

Activity 1.6.14 Consider the following rational function.

5(x —3)(z —6)°
6 (z +2)*(x - 3)

r(z) =
(a) Explain how to find the horizontal asymptote(s) of r(z), if there are any. Then express

your findings using limit notation.

(b) Explain how to find the hole(s) of r(z), if there are any. Then express your findings
using limit notation.

(c) Explain how to find the vertical asymptote(s) of r(z), if there are any. Then express
your findings using limit notation.

(d) Draw a rough sketch of r(z) that showcases all the limits that you have found above.
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Activity 1.6.15 You want to draw a function with all these properties.

i f) =5
. £(3)=0
. lirél_ f(z) =—o0

Before you start drawing, consider the following guiding questions.
(a) At which z values will the limit not exist?
(b) What are the asymptotes of this function?
(c) At which x values will the function be discontinuous?

(d) Draw the graph of one function with all the properties above. Make sure that your
graph is a function! You only need to draw a graph, writing a formula would be very
challenging!

1.6.2 Videos

Standalone

Figure 36 Video for LT6

1.6.3 Exercises

Exercises available at https://tbil.org/calculus/2024/exercises/#/bank/LT6/


https://tbil.org/video-LT6.html
https://tbil.org/calculus/2024/exercises/#/bank/LT6/

Chapter 2

Derivatives (DF)

Learning Outcomes

How can we measure the instantaneous rate of change of a function?
By the end of this chapter, you should be able to...

1. Estimate the value of a derivative using difference quotients, and draw corresponding
secant and tangent lines on the graph of a function.

2. Find derivatives using the definition of derivative as a limit.

3. Compute basic derivatives using algebraic rules.

4. Compute derivatives using the Product and Quotient Rules.

5. Compute derivatives using the Chain Rule.

6. Compute derivatives using a combination of algebraic derivative rules.
7. Compute derivatives of implicitly-defined functions.

8. Compute derivatives of inverse functions.

Readiness Assurance. Before beginning this chapter, you should be able to...
a Write equations of lines using slope-intercept and/or point-slope form (Math is Fun')
b Find the average rate of change of a function over some interval (Khan Academy?)

¢ Evaluate functions at variable expressions (Purple Math?)

lyww.mathsisfun.com/algebra/line-equation-point-slope.html

*www.khanacademy . org/math/algebra/x2f8bb11595b61c86: functions/x2f8bb11595b61c86:
average-rate-of-change/v/average-rate-of-change-example-3

3www.purplemath.com/modules/fcnnot2.htm

36


https://www.mathsisfun.com/algebra/line-equation-point-slope.html
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions/x2f8bb11595b61c86:average-rate-of-change/v/average-rate-of-change-example-3
https://www.purplemath.com/modules/fcnnot2.htm
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d Use the laws of exponents to rewrite a given expression (Khan Academy (1)* and Khan
Academy (2)°)

e Compose and decompose functions (Khan Academy®)

f Recall special trig values on the unit circle (Khan Academy (1)7 and Khan Academy

(2)°)

2.1 Derivatives Graphically and Numerically (DF1)

Learning Outcomes

« Estimate the value of a derivative using difference quotients, and draw corresponding
secant and tangent lines on the graph of a function.

2.1.1 Activities

Activity 2.1.1 In this activity you will study the velocity of a ball falling under gravity.
The height of the ball (in feet) is given by the formula f(t) = 64 — 16(¢t — 1), where ¢ is
measured in seconds. We want to study the velocity at the instant ¢ = 2, so we will look at
smaller and smaller intervals around ¢ = 2. For your convenience, below you will find a table
of values for f(t). Recall that the average velocity is given by the change in height over the
change in time.

Table 37

t(seconds) 1 1.5 1.75 2 225 25 3
F(t) (fect) 64 60 55 48 39 28 0

(a) To start we will look at an interval of length one before t = 2 and after ¢t = 2, so we
consider the intervals [1,2] and [2,3]. What was the average velocity on the interval
[1,2]? What about on the interval [2, 3]?

‘www.khanacademy.org/math/get-ready-for-ap-calc/xa350bf684c056c5c:
get-ready-for-differentiation-1/xa350bf684c056c5c:rational-exponents/v/
basic-fractional-exponents

Swww.khanacademy .org/math/get-ready-for-ap-calc/xa350bf684c056c5c:
get-ready-for-differentiation-1/xa350bf684c056c5c: properties-of-exponents/v/
simplifying-exponent-expression-with-division

Swww.khanacademy .org/math/get-ready-for-ap-calc/xa350bf684c056c5c:
get-ready-for-differentiation-2/xa350bf684c056c5c: composing-functions/v/
function-composition

"www.khanacademy.org/math/get-ready-for-ap-calc/xa350bf684c056c5c:
get-ready-for-limits-and-continuity/xa350b£684c056c5c:special-trig-values-in-ql/
v/solving-triangle-unit-circle

8www.khanacademy.org/math/get-ready-for-ap-calc/xa350bf684c056c5c:
get-ready-for-limits-and-continuity/xa350b£684c0566c5c:unit-circle-introduction/v/
unit-circle-definition-of-trig-functions-1


https://www.khanacademy.org/math/get-ready-for-ap-calc/xa350bf684c056c5c:get-ready-for-differentiation-1/xa350bf684c056c5c:rational-exponents/v/basic-fractional-exponents
https://www.khanacademy.org/math/get-ready-for-ap-calc/xa350bf684c056c5c:get-ready-for-differentiation-1/xa350bf684c056c5c:properties-of-exponents/v/simplifying-exponent-expression-with-division
https://www.khanacademy.org/math/get-ready-for-ap-calc/xa350bf684c056c5c:get-ready-for-differentiation-1/xa350bf684c056c5c:properties-of-exponents/v/simplifying-exponent-expression-with-division
https://www.khanacademy.org/math/get-ready-for-ap-calc/xa350bf684c056c5c:get-ready-for-differentiation-2/xa350bf684c056c5c:composing-functions/v/function-composition
https://www.khanacademy.org/math/get-ready-for-ap-calc/xa350bf684c056c5c:get-ready-for-limits-and-continuity/xa350bf684c056c5c:special-trig-values-in-q1/v/solving-triangle-unit-circle
https://www.khanacademy.org/math/get-ready-for-ap-calc/xa350bf684c056c5c:get-ready-for-limits-and-continuity/xa350bf684c056c5c:unit-circle-introduction/v/unit-circle-definition-of-trig-functions-1
https://www.khanacademy.org/math/get-ready-for-ap-calc/xa350bf684c056c5c:get-ready-for-limits-and-continuity/xa350bf684c056c5c:unit-circle-introduction/v/unit-circle-definition-of-trig-functions-1
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(b) Now let’s consider smaller intervals of length 0.5. What was the average velocity on
the interval [1.5,2]7 What about on the interval [2,2.5]?

(c) What was the average velocity on the interval [1.75,2]7 What about on the interval
[2,2.25]7

(d) If we wanted to approximate the velocity at the instant ¢ = 2, what would be your
best estimate for this instantaneous velocity?

Observation 2.1.2 If we want to study the velocity at the instant ¢ = 2, it is helpful to study
the average velocity on small intervals around ¢t = 2. If we consider the interval [2,2 + h],
where h is the width of the interval, the average velocity is given by the difference quotient

FR+R) ~ ()[R - f@2)

(2+h)—2 h

Observation 2.1.3 We want to be able to consider intervals before and after t = 2. A
positive value of h will give an interval after t = 2. For example, the interval [2, 3] corresponds
to h = 1. A negative value of h will give an interval before t = 2. For example, the interval
[1,2] corresponds to h = —1. In the formula above, it looks like the interval would be [2, 1],
but the standard notation in an interval is to write the smallest number first. This does not
change the difference quotient because

f2+h)—f2) _f2) - f2+h)

(24+h)—2 2—(2+h)
Activity 2.1.4 Consider the height of the ball falling under gravity as in Table 37 .

(a) What was the average velocity on the interval [2,2 + h] for h =1 and h = —17
(b) What was the average velocity on the interval [2,2 + h] for h = 0.5 and h = —0.57
(c) What was the average velocity on the interval [2,2 + h] for h = 0.25 and h = —0.257

(d) What is your best estimate for the limiting value of these velocities as h — 07 Notice
that this is your estimate for the instantaneous velocity at ¢t = 2!

Definition 2.1.5 The instanteous velocity at ¢ = a is the limit as h — 0 of the difference
. fla+h)— f(a)
quotient

by the limit

. In the activity above the instantaneous velocity at ¢ = 2 is given

. f(2+h)— f(2)
v(2) = lim h

O

Definition 2.1.6 The slope of the secant line to f(x) through the points z = a and x = b
is given by the difference quotient
f(b) — f(a)

b—a
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Activity 2.1.7 In this activity you will study the slope of a graph at a point. The graph of
the function g(x) is given below. For your convenience, below you will find a table of values

for g(x).

<

D

[y
= GO U100 UT s U1 Ot

o

i
051 0511572253354455556

Figure 38 The graph of g(z)
Table 39

+ 1 15 2 25 3
g(z) -15 -0875 0 1.125 25

(a) What is the slope of the line through (1,¢(1)) and (2,¢(2))? Draw this line on the
graph of g(z).

(b) What is the slope of the line through (1.5, ¢(1.5)) and (2, g(2))? Draw this line on the
graph of g(z).

(c) Draw the line tangent to g(x) at x = 2. What would be your best estimate for the

slope of this tangent line?

(d) Notice that the slope of the tangent line at = = 2 is positive. What feature of the graph
of f(x) around x = 2 do you think causes the tangent line to have positive slope?

A. The function f(z) is concave up C. The function f(x) is concave down
B. The function f(x) is increasing D. The function f(x) is decreasing

Observation 2.1.8 The slope of the secant line to f(z) through the points x = a and x = b

f(b) = f(a)
b

is given by the difference quotient . As the point x = b gets closer to x = a, the

slope of the secant line tends to the slope of the tangent line. In symbols, the slope at x = a
is given by the limait
L J@) ~ f(a)

rT—ra r — a

Letting b = a + h, we can also say that the slope of the tangent line at = a is given by the
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limit

i a4 h) = fa)

h—0 h

Definition 2.1.9 The derivative of f(x) at z = a, denoted f’(a), is given by

fla+h) - f(a)
- :

f'(a) = lim

h—0

O

Observation 2.1.10 In Activity 2.1.1 and Activity 2.1.4 you studied a ball falling under
gravity and estimated the instantaneous velocity as a limiting value of average velocities
on smaller and smaller intervals. Drawing the corresponding secant lines, we see how the
secant lines approximate better the tangent line, showing graphically what we previouly saw
numericaly. Here is a Desmos animation showing the secant lines approaching the tangent
line https://www.desmos.com/calculator/bzslbxz7fa.

Activity 2.1.11 Suppose that the function f(z) gives the position of an object at time x.
Which of the following quantities are the same? Select all that apply!

A. The value of the derivative of f(z) at
r=a

at r =a

fla+h) = fla)

D. The difference quotient N

B. The slope of the tangent line to f(z) at
r=a
fla+h)—f(a)
h

C. The instantaneous velocity of the object E. The limit ;111{,%

fla+h)—f(a)
h

Observation 2.1.12 We can use the difference quotient for small values of

h to estimate f'(a), the value of the derivative at x = a.

Activity 2.1.13 Suppose that you know that the function g(x) has values g(—0.5) = 7,
g(0) =4, and ¢(0.5) = 2. What is your best estimate for ¢’(0)?

A 4(0)~ -3 D. ¢(0) ~ —4
B. ¢'(0) ~ -2
C. ¢(0) = —6 E. ¢(0) =~ -5

Activity 2.1.14 Suppose that you know that the function f(z) has value f(1) = 3 and has
derivative at & = 1 given by f’(1) = 2. Which of the following scenarios is most likely?

A. f(2) = 3 because the function is con-
stant

B. f(2) = 2 because the derivative is con-
stant

C. f(2) = 1 because the function’s output

decreases by about 2 units for each in-
crease by 1 unit in the input

. f(2) = 5 because the function’s output

increases by about 2 units for each in-
crease by 1 unit in the input


https://www.desmos.com/calculator/bzs1bxz7fa
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Observation 2.1.15 We can use the derivative at x = a to estimate the increase/decrease
of the function f(z) close to x = a. A positive derivative at * = a suggests that the
output values are increasing around x = a approximately at a rate given by the value of the
derivative. A negative derivative at x = a suggests that the output values are decreasing
around x = a approximately at a rate given by the value of the derivative.

Activity 2.1.16 In this activity you will study the abolute value function f(z) = |z|. The
absolute value function is a piecewise defined function which outputs & when zx is positive
(or zero) and outputs —z when z is negative. So the absolute value always outputs a number
which is positive (or zero). Here is the graph of this function.

4 «
)

A2

—4 -3 -2 -1 1 2 3 4
Figure 40 The graph of |z|

(a) What do you think is the slope of the function for any = value smaller than zero?

A0 C. -1
B. 1 D. DNE

(b) What do you think is the slope of the function for any x value greater than zero?

A0 C. -1
B. 1 D. DNE

(c) What do you think is the slope of the function at zero?

A0 C. -1
B. 1 D. DNE

Observation 2.1.17 Because the derivative at a point is defined in terms of a limit, the
quantity f’(a) might not exist! In that case we say that f(x) is not differentiable at z = a.
This might happen when the slope on the left of the point is different from the slope on the
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right, like in the case of the absolute value function. We call this behavior a corner in the
graph.

Activity 2.1.18 Consider the graph of function h(x).

Y

1+

®

Figure 41 The graph of h(x).

(a) For which of the following points a is h/(a) positive? Select all that apply!

A -1 D. 5
B. 1
C. 2 E. 6

(b) For which of the following points a is h'(a) negative? Select all that apply!

A -1 D. 5
B. 1
C. 2 E. 6

(c) For which of the following points a is h'(a) zero? Select all that apply!

A -1 D. 5
B. 1
C. 2 E. 6

(d) For which of the following points a the quantity h’(a) does NOT exist? Select all that
apply!

A -1 D. 5
B. 1
C. 2 E. 6
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Activity 2.1.19 Sketch the graph of a function f(x) that satisfies the following criteria.
(You do not need to define the function algebraically.)

Defined and continuous on the interval [—5, 5].

e f'(x) does not exist at x =0

i JCE ) = 1)

h—0 h <0

The slope tangent to the graph of f(z) at x = 3 is zero

o The rate of change of f(z) when x = —1 is positive

Activity 2.1.20 You are given the graph of the function f(z).

Figure 42 The graph of f(z)

(a) Using the graph, estimate the slope of the tangent line at x = 2. Make sure you can
carefully describe your process for obtaining this estimate!

(b) If you call your approximation for the slope m, which one of the following expression
gives you the equation of the tangent line at x = 27

A y—2=m(z—2) C.y—2=m(z+2)
B.y+2=m(z—2) D.y+2=m(x+2)

(c) Find the equation of the tangent line at = = 2.
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2.1.2 Videos

Standalone

Figure 43 Video for DF1

2.1.3 Exercises

Exercises available at https://tbil.org/calculus/2024/exercises/#/bank/DF1/

2.2 Derivatives Analytically (DF2)

Learning Outcomes

o Find derivatives using the definition of derivative as a limit.

2.2.1 Activities

Observation 2.2.1 Recall that f'(a), the derivative of f(z) at x = a, was defined as the
limit as h — 0 of the difference quotient on the interval [a,a 4+ h] as in Definition 2.1.9. If
f'(a) exists, then we say that f(x) is differentiable at a. If for some open interval (a, b), we
have that f'(x) exists for every point z in (a,b), then we say that f(z) is differentiable on
(a,b).

Activity 2.2.2 For the function f(x) = z — 2* use the limit definition of the derivative at
a point to compute f'(2).

(2+h)—(2+h)2—2+4:

/ IERT B
A fl(2) = }lllir(l) o 3
24+h)—(2+h)?-2 —3h — h?
B. The limit f'(2) = }llir% R+h)=@2+h) simplifies algebraically to }lbirr(l) _
— —

h
which does not exist, thus f/(2) is not defined.

2+h)—(2+h)?—2 —
2+h) = (2+h) simplifies algebraically to }Lir% h—h
—

C. The limit f'(2) = lim

h—0 h
which does not exist, thus f’(2) is not defined.


https://tbil.org/video-DF1.html
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, . (2+h)—(22+R*) —-2+4
D.f@):}%( ) (h )

Activity 2.2.3 Consider the function f(z) = 3—2x. Which of the following best summarizes
the average rates of changes of on f on the intervals [1,4], [3,7], and [5,5 + h]?

=1

A. The average rate of change on the in- tervals [1,4], [3,7], and [5,5+ h] are all
tervals [1,4] and [3,7] are equal to the different values.
slope of f(x), but the average rate of
change of f cannot be determined on

(5,5 + k] without a specific value of . C. The average rate of change on the in-

tervals [1,4], [3,7], and [5,5+ h] are all
B. The average rate of change on the in- equal to —2.

Activity 2.2.4 Can you find f'(7) when f(x) =3 — 2z without doing any computations?
A. No, because we cannot compute the value f(m).
B. No, because we cannot compute the average rate of change on the interval |7, 7 + h].

C. Yes, f'(m) = 3 because the intercept of the tangent line at any point is equal to the
constant intercept of f(z).

D. Yes, f'(m) = —2 because the slope of the tangent line at any point is equal to the
constant slope of f(z).

Definition 2.2.5 Let f(z) be function that is differentiable on an open interval (a,b). The
derivative function of f(x), denoted f’(z), is given by the limit

f’(x) — lim f(:L'+h) — f(x)

h—0 h

At any particular input x = a, the derivative function outputs f’(a), the value of derivative
at the point = = a. O

Remark 2.2.6 To specify the indendent variable of our function, we say that f’(z) is the
derivative of f(z) with respect to x. For the derivative function of y = f(z) we also use the

notation: p of
/ o _ ay _ %
The last type of notation is known as differential (or Leibniz) notation for the derivative.

Remark 2.2.7 Notice that our notation for the derivative function is based on the name
that we assign to the function along with our choice of notation for indendent and dependent
variables. For example, if we have a differentiable function y = v(¢), the derivative function
dy  dv

Codtdt’

Activity 2.2.8 In this activity you will consider f(z) = —2? +4 and compute its derivative
function f’(x) using the limit definition of the derivative function Definition 2.2.5.

of v(t) with respect to t can be written as v'(t) = y/(¢)
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(a) What expression do you get when you simplify the difference quotient

flx+h)— flz) (—(zx+h)*+4) —(—2*+ 4)?

h

A B+ +d—at-4 B

' h h

B —2’ =k’ +442> -4  —h?

' h h

C —m2—2:17h—h2+4+x2—47—2:13h—h2

' h h

22+ 22h+h?+4—22—4  22h+ h?

D. . = .

(b) After taking the limit as h — 0, which of the following is your result for the derivative
function f'(x)?
A fllx)=12 C. fl(x) =2z
B. f'(z) = —x D. fl(z) = —2x
Activity 2.2.9 Using the limit definition of the derivative, find f'(z) for f(z) = —2%+2z—4.
Which of the following is an accurate expression for f'(z)?

A fl(x)=22+2 C. fl(z) =—2z+2

B. f'(z) = —2z D. f'(z) = -2z -2
Activity 2.2.10 Using the limit definition of the derivative, you want to find f'(z) for

flx) = % We will do this by first simplifying the difference quotient and then taking the
limit as h — 0.

(a) What expression do you get when you simplify the difference quotient

fa+h) - f@) -k,

h h
1
A ztho_ L
h (x+h)h
h
g zth_ N
“Th T Wzt h)
x—(x+h)
C (z+h)x —h
h h(x + h)x
z—(x+h)
D (z+h)x _ —h?
h (x4 h)x
h
E. (z+h)z h

h hiz+h)
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(b) After taking the limit as h — 0, which of the following is your result for the derivative
function f'(x)?

A fl(x)=0 D. f'(z) =1/2"
B. f'(x)=1/x
C. fl(x)=—-1/x E. fl(z) = —1/2?

Activity 2.2.11 Find f’(z) using the limit definition of the derivative. Then evaluate at
T = 8.

f(x) =252 -5

Definition 2.2.12 Once we have computed the first derivative f’(x), the second derivative
of f(x) is the first derivative of f'(x) or

f”([L’) = lim f/(ﬂf + h) _ f’(ﬂf)

h—0 h

O

Activity 2.2.13 Consider the function f(x) = —2? + 2x — 4. Earlier you saw that f'(z) =
—2x + 2. What is the second derivative of f(z)?

A f"(x)=2 C. f"(z) =2z
B. f(z) = -2 D. f"(z) = —2x

Remark 2.2.14 The first derivative encodes information about the rate of change of the
original function. In particular,

o If />0, then f is increasing;
o If /" <0, then f is decreasing;

o If f/ =0, then f has a horizontal tangent line (and it might have a max or min or it
might just be changing pace).

The second derivative is the derivative of the derivative. It encodes information about
the rate of change of the rate of change of the original function. In particular,

o If f" >0, then f’ is increasing;
o If f” <0, then f’ is decreasing;

o If /=0, then f’ has a horizontal tangent line (and it might have a max or min or it
might just be changing pace).

Activity 2.2.15 Consider the function f(z) = —2z% + 2z — 4. Earlier you saw that f’(z) =
—2x + 2 and f”(x) = —2. What does this tell you about the graph of f(z) for z > 17
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A. The graph is increasing and concave up C. The graph is decreasing and concave up

B. The graph is increasing and concave D. The graph is decreasing and concave
down down

Observation 2.2.16 We have two ways to compute analytically the derivative at a point.
For example, to compute f’(1), the derivative of f(x) at x = 1, we have two methods

1. We can directly compute f’(1) by finding the difference quotient on the interval [1, 14-h]
and then taking the limit as h — 0.

2. We can first find the derivative function f’(x) by computing the difference quotient
on the interval [z, z + h|, then taking the limit as h — 0, and finally evaluating the
expression for f’(z) at the input z = 1.

The latter approach is more convenient when you want to consider the value of the derivative
function at multiple points!

1
Activity 2.2.17 Consider the function f(z) = —. You will find f'(1) in two ways!
T

(a) Using the limit definition of the derivative at a point, compute the difference quotient
on the interval [1,1 + h] and then take the limit as h — 0. What do you get?
A -1 C. 2
B. 1 D. -2

(b) Now, using the limit definition of the derivative function, find f’(x). Which of the
following is your result for the derivative function f’(x)?

A fl(x)=—-1/2* C. f'(z) = —2/a°
B. fl(x) =1/2° D. f'(z)=2/2®

(c) Make sure that your answers match! So if you plug in x = 1 in f’(x), you should get
the same number you got when you computed f'(1).

Activity 2.2.18 In this activity you will study (again!) the velocity of a ball falling under
gravity. A ball is tossed vertically in the air from a window. The height of the ball (in feet) is
given by the formula f(t) = 64 — 16(t — 1)?, where ¢ is the seconds after the ball is launched.
Recall that in Activity 2.1.1, you used numerical methods to approxmiate the instantaneous
velocity of f(t) to calculate v(2)!

(a) Using the limit definition of the derivative function, find the velocity function v(t) =

f'(t).

(b) Using the velocity function v(t), what is v’(1), the instantaneous velocity at ¢ = 17
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(c)

A. -32 feet per second D. -16 feet per second
B. 32 feet per second
C. 0 feet per second E. 16 feet per second

What behavior would explain your finding?

A. After 1 second the ball is falling at a stant.

speed of 32 meters per second.
D. After 1 second the ball is falling at a

B. After 1 second the ball is moving up- speed of 16 meters per second

wards at a speed of 32 meters per sec-

ond. E. After 1 second the ball is moving up-
C. After 1 second the ball reaches its wards at a speed of 16 meters per sec-
highest point and it stops for an in- ond.

Observation 2.2.19 A function can only be differentiable at x = a if it is also continuous
at * = a. But not all continuous functions are differentiable: when we have a corner in
the graph of a the function, the function is continuous at the corner point, but it is not
differentiable at that point!

Activity 2.2.20 In Observation 2.1.17, we said that a function is not differentiable when the
limit that defines it does not exist. In this activity we will study differentiability analytically.

(a)

(b)

(c)

Consider the following continuous function

r+2 <2
glx) =4,

T T > 2

Consider the interval [2,2+ h]. When h < 0, the interval falls under the first definition
of g(z) and the derivative is always equal to 1. What is the derivative function for x
values greater than 27 Show that at = 2 the value of this derivative is not equal to
1 and so g(z) is not differentiable at x = 2.

Consider the following discontinuous function

r+2 <2
g(z) =
T x> 2

On both sides of z = 2 it seems that the slope is the same, but this function is
still not differentiable at = 2. Notice that ¢g(2) = 4. When h > 0, the interval
[2, 24 hlfalls under the second definition of g(x), but g(2) is always fixed at 4. Compute
the difference quotient w assuming that h > 0 and notice that this does not
simplify as expected! Moreover, if you take the limit as h — 0, you will get infinity

and not the expected slope of 1!

Consider the following function
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where a,b are some nonzero parameters you will find. Find an equation in a,b that
needs to be true if we want the function to be continuous at x = 2. Also, find an
equation in a,b that needs to be true if we want the function to be differentiable at
x = 2. Solve the system of two linear equations... you should find that ¢ = —2 and
b= —1/2 are the only values that make the function differentiable (and continuous!).

2.2.2 Videos

OLi=40
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Standalone

Figure 44 Video for DF2

2.2.3 Exercises

Exercises available at https://tbil.org/calculus/2024/exercises/#/bank/DF2/

2.3 Elementary Derivative Rules (DF3)

Learning Outcomes

o Compute basic derivatives using algebraic rules.

2.3.1 Activities

Observation 2.3.1 We know how to find the derivative function using the limit definition
of the derivative. From the activities in the previous section, we have seen that this process
gets cumbersome when the functions are more complicated. In this section we will discuss
shortcuts to calculate derivatives, known as “differentiation rules”.

Activity 2.3.2 In this activity we will try to deduce a rule for finding the derivative of a
power function. Note, a power function is a function of the form f(x) = 2" where n is any
real number.

(a) Using the limit definition of the derivative, what is f’(z) for the power function f(z) =
x?


https://tbil.org/video-DF2.html
https://tbil.org/calculus/2024/exercises/#/bank/DF2/
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A. -1 C. 0
B. 1 D. Does not exist

(b) Using the limit definition of the derivative, what is f’(z) for the power function f(z) =

x2?
A O C. 2z
B. -2z D. 2z +1

(c) Using the limit definition of the derivative, what is f’(x) for the power function f(x) =

x37?
A. 322 C. 32%2 — 3z
B. —322 D. —3z% + 3z

(d) WITHOUT using the limit definition of the derivative, what is your best guess for
f'(z) when f(z) = 2*? (See if you can find a pattern from the first three tasks of this

activity.)
A. 322 C. 422
B. 323 D. 423

Theorem 2.3.3 The Power Rule. The derivative of the power functionf(x) = x™, for
any real number n, is

fl(x) =na"
Observation 2.3.4 We have been using f’(x), read “f prime”, to denote a derivative of
the function f(z). There are other ways to denote the derivative of y = f(z): ¢ or %,
pronounced “dee-f dee-x". If you want to take the derivative of f'(x), v/, or % to get the
second derivative of f(x), the notation is f”(x), y”, or %

Activity 2.3.5 Using Theorem 2.3.3, which of the following statement(s) are true? For
those statements that are wrong, give the correct derivative.

A. The derivative of y = 2! is 3/ = 102!,  C. The derivative of y = 2! is 3y =

10029,
B. The derivative of y = 2% is ¢y =  D. The derivative of y = 2717 is ¢y =
—8x7Y. —172716.

Theorem 2.3.6 The Derivative of a Constant Function. If f(z) = ¢, for some
constant real number ¢, then f'(x) = 0.
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Activity 2.3.7 Using Theorem 2.3.6, which of the following statement(s) are true? Note:
Pay attention to the independent variable (the input) of the function.
A. The derivative of y(z) = 10is ¢'(z) = 9. 2.
B. The derivative of y(t) = = is y/'(t) = 0.
 derivative of y(t) = is /(1) D. The derivative of y(z) = =5 is y/'(z) =
C. The derivative of y(a) = 22 is y/(a) = —4.

Theorem 2.3.8 The Scalar Multiple Rule. If ¢ is a real number and f(z) is a differ-
entiable function, then using the Scalar Multiple Law for limits, we have that

d d
Ir [cf(z)] = e Lf ()]

Activity 2.3.9 What is the derivative of the function y(z) = 122%/3?
A. o (x) = 8273, C. ¢/ (z) =813

B. ¢/(z) = 1827 '/3, D. y'(z) = 182°/3,

Theorem 2.3.10 The Sum/Difference Rule. If f(z) and g(x) are both differentiable,
then using the Sum/Differences Law for limits, we have that

(@) £ g(2)] = = (7)) £ - [o(a)]

Activity 2.3.11 What are the first and second derivatives for the arbitrary quadratic func-
tion given by f(z) = ax? + bx + ¢, where a, b, ¢ are any real numbers?

r) = 2ax + bx + ¢, f"(x) = 2a +b.

)
)
)

r+1, f'(x)=2.

2
r) = 2az + b, f"(x) = 2a.

A f(
B. f(
C. f(
D. f(z) = ax +b, f'(z) = a.

Activity 2.3.12 We can look at power functions with fractional exponents like f(z) = z1 =

4

W or with negative exponents like g(z) = z7* = e What is the derivative of these two

functions?
1 —4 1, —4
/ _ / _ = / — 3 4 [E—
A f(x) 44%'3’9() 33’3 Cf(l’)—4 $7g($)_ 3
@) = 2, () = = D. /() = —— g(r) = %
B. f(x)zzl T 79@):?- ) A 3 xo

Theorem 2.3.13 The Derivative of an Exponential Function. The derivative of the
exponential functionf(x) = b*, for any positive number b, is

f(x) = In(b) b" = log(b) b = log, (b)b".
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(In this book, we use both In and log to denote the “natural logarithm” with base e. While
log is sometimes used to denote the “common logarithm” base 10, we prefer to write log,, in
that case.)

Observation 2.3.14 A special case of Theorem 2.3.13 is when b = e, where e is the base of
the natural logarithm function. In this case let f(z) = e®. Then

f'(z) =In(e) e = €”.

So f(x) = €* is a special function for which f'(x) = f(x).
Activity 2.3.15 The first derivative of the function g(z) = z° + ¢” is given by ¢'(z) =
ex®"! + e®. What is the second derivative of g(x)?

A ¢'(x) =2+ €. C. ¢"(z) = ex® ' + €.

B. ¢"(z) = e(e — 1)a® 2 + €. D. ¢"(z) = €.
Theorem 2.3.16 The Derivative of the Sine and Cosine Functions. If f(z) = sin(x),
then f'(x) = cos(z). If f(x) = cos(z), then f'(z) = —sin(x).
Activity 2.3.17 The derivative of f(x) = 7sin(x) + 2¢® + 32/ — 2 s,

A. f'(x) = Tcos(x) + 2% + 273 — 2z,

B. f/(x) = Tcos(z) + 2% + —227 %3 — 2.

D. f'(x) = —7cos(x) + 2¢% In(x) 4+ 272/3.

. f(z)
. f(z)
C. f'(z) = =Tsin(z) + e* 4+ 2~ %/3.
- flx) =
. f(z)

E. f'(z) = Tcos(x) 4 2 + /3.
Theorem 2.3.18 The Derivative of the Natural Log Function. If f(x) = In(x), then
f(z)=~.

x
Activity 2.3.19 Which of the following statements is NOT true?

2 2
A. The derivative of y = 2In(z) is ¢/ = —. C. The derivative of y = gln(x) is ¢y =
x

3
2z
1 1 2
B. The derivative of y = n;x) isy = % D. The derivative of y = In(2?) is y/ = —.
x x

Activity 2.3.20 Demonstrate and explain how to find the derivative of the following func-
tions. Be sure to explicitly denote which derivative rules (scalar multiple, sum/difference,
etc.) you are using in your work.

(a)

g(x) =2 cos(x) —3e€®
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(b) ;
h(w) = VT + —

(c)
ft) = —4t° +58 4t -8

Activity 2.3.21 Suppose that the temperature (in degrees Fahrenheit) of a cup of coffee, ¢
minutes after forgetting it on a bench outside, is given by the function

f(t) =40(0.5)" + 50

Find f(1) and f’(1) and try to interpret your result in the context of this problem.

Activity 2.3.22 In this activity you will use our first derivative rules to study the slope of
tangent lines.

(a) The graph of y = 23 —92% — 162+ 1 has a slope of 5 at two points. Find the coordinates
of these points.

(b) Find the equations of the two lines tangent to the parabola y = (z — 2)? which pass
through the origin. You will want to think about slope in two ways: as the derivative
at x = a and the rise over the run in a linear function through the origin and the point
(a, f(a)). Use a graph to check your work and sketch the tangent lines on your graph.

Activity 2.3.23 Find the values of the parameters a,b,c for the quadratic polynomial
q(x) = az® + bz + c that best approximates the graph of f(z) = e* at x = 0. This means
choosing a, b, c such that

» 4(0) = f(0)
« ¢(0) = f(0)
« ¢"(0) = f"(0)

Hint: find the values of f(0), f’(0), f”(0). The values of ¢(0),¢'(0),¢"(0) at zero will involve
some parameters. You can solve for these parameters using the equations above.
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2.3.2 Videos

OPy=i0
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Figure 45 Video for DF3

2.3.3 Exercises

Exercises available at https://tbil.org/calculus/2024/exercises/#/bank/DF3/

2.4 The Product and Quotient Rules (DF4)

Learning Outcomes

o Compute derivatives using the Product and Quotient Rules.

2.4.1 Activities
Activity 2.4.1 Let f and g be the functions defined by
f(t) =2t g(t) =t + 4t.
(a) Find f'(t) and ¢'(t).

(b) Let P(t) = 2t* (¢3 + 4t) and observe that P(t) = f(t) - g(t). Rewrite the formula for P
by distributing the 2¢? term. Then, compute P’(t) using the power, sum, and scalar
multiple rules.

(c) True or false: P'(t) = f'(t) - ¢'(1).

Theorem 2.4.2 Product Rule. If f and g are differentiable functions, then their product
P(z) = f(x) - g(x) is also a differentiable function, and

P'(z) = f'(z) - g(x) + f(x) - ¢'(2).


https://tbil.org/video-DF3.html
https://tbil.org/calculus/2024/exercises/#/bank/DF3/

CHAPTER 2. DERIVATIVES (DF) 56

Activity 2.4.3 The product rule is a powerful tool, but sometimes it isn’t necessary; a more
elementary rule may suffice. For which of the following functions can you find the derivative
without using the product rule? Select all that apply.

A. f(z) =e"sinz C. f(x) = (4)(z”)

B. f(z) = Va(a® + 3z — 3) D. f(r)=rInx
Activity 2.4.4 Find the derivative of the following functions using the product rule.

(a) f(z) = (2*+ 3x)sinz

(b) f(z)=e€"cosx

(c) f(x)=2’Inzx
Activity 2.4.5 Let f and g be the functions defined by

ft) =22, g(t) = 13 + 4t.
(a) Determine f’(t) and ¢'(t). (You found these previously in Activity 2.4.1.)

£+ 4t g(t) ,
(b) Let Q(t) = —op and observe that Q(t) = 1o} Rewrite the formula for @ by
dividing each term in the numerator by the denominator and use rules of exponents
to write @ as a sum of scalar multiples of power functions. Then, compute @’ (t) using

the sum and scalar multiple rules.

g'()
c) True or false: Q'(t) = .
Theorem 2.4.6 Quotient Rule. If f and g are differentiable functions, then their quotient

f(z)
g9(z)

is also a differentiable function for all x where g(x) # 0 and

Q) =

Activity 2.4.7 Just like with the product rule, there are times when we can find the
derivative of a quotient using elementary rules rather than the quotient rule. For which
of the following functions can you find the derivative without using the quotient rule? Select
all that apply.

6 X
A fla) = — C. flx) = —
3
B flr)= - D. fa) ="

Activity 2.4.8 Find the derivative of the following functions using the quotient rule (or, if
applicable, an elementary rule).
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(a) fa)=

(b) f(r) =
(©) f@)= -
(@) fla) =2

Activity 2.4.9 Demonstrate and explain how to find the derivative of the following functions.
Be sure to explicitly denote which derivative rules (product, quotient, sum and difference,
etc.) you are using in your work.

(a)

3w +5w—2
Jlw)=- sin (w)
®) 2 4+6t+1
g(t) = %

(c)
h(t) = =2 (* + 3t + 3) cos (t)
Note 2.4.10 We have found the derivatives of sinx and cosz, but what about the other

trigonometric functions? It turns out that the quotient rule along with some trig identities
can help us! (See Khan Academy! for a reminder of trig identities.)

sinx
Activity 2.4.11 Consider the function f(z) = tanz, and remember that tanz =

cosz’
(a) What is the domain of f?

(b) Use the quotient rule to show that one expression for f'(x) is

(cosx)(cosx) + (sinz)(sin x)
(cosx)? '

f'(x) =

(c) Which trig identity might be useful here to simplify this expression? How can this
identity be used to find a simpler form for f'(z)?

(d) Recall that secx =

. How can we express f'(z) in terms of the secant function?
cos T

(e) For what values of z is f’(z) defined? How does this domain compare to the domain
of f?

!XhanAcademy.org


https://www.khanacademy.org/math/trigonometry/trig-equations-and-identities/using-trig-identities/a/trig-identity-reference
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Activity 2.4.12 Let g(z) = cot x, and recall that cot x =

(a)
(b)

(c)

(d)

Activity 2.4.13 Let h(x) = secx, and recall that secz =

(a)
(b)

(c)

(d)

Activity 2.4.14 Let p(x) = cscx, and recall that cscx =

(a)
(b)

(c)

(d)

COS T

sinz

What is the domain of g(x)?

Use the quotient rule to develop a formula for ¢/(x) that is expressed completely in
terms of sinx and cos .

Use other relationships among trigonometric functions to write ¢’(z) only in terms of
the cosecant function.

What is the domain of ¢'(z)? How does this domain compare to the domain of ¢'(x)?

coszx

What is the domain of h(x)?

Use the quotient rule to develop a formula for A'(x) that is expressed completely in
terms of sinx and cos .

Use other relationships among trigonometric functions to write A'(x) only in terms of
the the tangent and secant functions.

What is the domain of h'(x)? How does this domain compare to the domain of A'(z)?

sinx’
What is the domain of p(x)?

Use the quotient rule to develop a formula for p'(z) that is expressed completely in
terms of sinx and cosx.

Use other relationships among trigonometric functions to write A'(x) only in terms of
the the cotangent and cosecant functions.

What is the domain of p'(2)? How does this domain compare to the domain of p'(z)?

Theorem 2.4.15 We can now summarize the derivatives of all siz trigonometric functions.

d
—sinz = cosz
dx
d :
—cosx = —sinx
dx

_ 2
— tanz = (secx)
dx

— cotz = —(cscx)?
o (csc)
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d

e —secx =secxrtanx
dx
d

e —(Cscx = —cscxcotx
dx

Activity 2.4.16 Consider the functions
f(z) =3 cos(z), g(z) =2+ 3"

and the function h(z) for which a table of values is given.

h(z) | -4 —1 3

In answering the following questions, be sure to explicitly denote which derivative rules
(product, quotient, sum/difference, etc.) you are using in your work.

(a) Find the derivative of f(x) - g(x).
f(x)
9(@)
(c) Find the value of the derivative of f(z) - h(z) at z = —1.

g(z)

(d) Find the value of the derivative of =——= at z = 0.

h(z)

(b) Find the derivative of

(e) Consider the function
r(z) =3 cos (z) - z.

Find 7/(x), 7"(z), r""(x), and ) (x) so the first, second, third, and fourth derivative
of r(z). What pattern do you notice? What do you expect the twelfth derivative of
r(z) to be?
Activity 2.4.17
x T

e’ e e
(a) Differentiate y = —,y = —, Y = —. Simplify your answers as much as possible.
x x x

xT

e
(b) What do you expect the derivative of y = — to be? Prove your guess!
:CTL

6$
(c) What do your answers above tell you above the shape of the graph of y = —7 Study
:Lan
how the sign of the numerator and the denominator change in the first derivative to
determine when the behavior changes!

Activity 2.4.18 The quantity ¢ of skateboards sold depends on the selling price p of a
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skateboard, so we write ¢ = f(p). You are given that
f(140) = 15000, f'(140) = —100
(a) What does the data provided tell you about the sales of skateboards?

(b) The total revenue, R, earned by the sale of skateboards is given by R = ¢-p = f(p) - p.
Explain why.

(c) Find the derivative of the revenue when p = 140, so find the value of

dR
dp lp=140"

(d) What is the sign of the quantity above? What do you think would happen to the
revenue if the price was changed from $140 to $1417

Activity 2.4.19 Let f(v) be the gas consumption in liters per kilometer (1/km) of a car
going at velocity v kilometers per hour (km/hr). So if the car is going at velocity v, then
f(v) tells you how many liters of gas the car uses to go one kilometer. You are given the
following data

f(50) =0.04, f'(50) = 0.0004

(a) Let g(v) be the distance (in kilometers) that the same car covers per liter of gas at
velocity v. What are the units of the output of g(v)? Use these units to infer how to
write g(v) in terms of f(v), then find ¢(50) and ¢'(50).

(b) Let h(v) be the gas consumption over time, so the liters of gas consumed per hour by
the same car going at velocity v. What are the units of the output of h(v)? Use these
units to infer how to write h(v) in terms of f(v), then find A(50) and A'(50).

(c) How would you explain the practical meaning of your findings to a driver who knows
no calculus?
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2.4.2 Videos

Standalone

Figure 46 Video for DF4

2.4.3 Exercises

Exercises available at https://tbil.org/calculus/2024/exercises/#/bank/DF4/

2.5 The Chain Rule (DF5)

Learning Outcomes

o Compute derivatives using the Chain Rule.

2.5.1 Activities

Note 2.5.1 When we consider the consider the composition f o g of the function f with the
function g, we mean the composite function f(g(z)), where the function ¢ is applied first
and then f is applied to the output of g. We also call f the outside function whilst g is the
inside function.

Activity 2.5.2

(a) Consider the function f(z) = —2% + 5 and g(x) = 22 — 1. Which of the following is a
formula for f(g(z))?

A —42® +4r+4 C. —222+9
B. 42> — 4z +5 D. —222+4

(b) One of the options above is a formula for ¢g(f(x)). Which one?
Activity 2.5.3

(a) Consider the composite function f(g(x)) = v/e*. Which function is the outside function


https://tbil.org/video-DF4.html
https://tbil.org/calculus/2024/exercises/#/bank/DF4/
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f(z) and which one is the inside function g(z)?

A f(x)
B. f(z)

Nz

X

a?, g(z) =e" C. f(z)=¢", g(x)
Vi, g(x) = e D. f e’ g(x)

(b) Using properties of exponents, we can rewrite the original function as e>. Using this
new expression, what is your new inside function and your new outside function?

(c) Consider the function e¥?. In this case, what are the inside and outside functions?

Activity 2.5.4 In this activity we will build the intuition for the chain rule using a real-world
scenario and differential notation for derivatives. Consider the following scenario.

My neighborhood is being invaded! The squirrel population grows based on acorn avail-
ability, at a rate of 2 squirrels per bushel of acorns. Acorn availability grows at a rate of 100
bushels of acorns per week. How fast is the squirrel population growing per week?

(a) The scenario gives you information regarding the rate of growth of s(a), the squirrel
population as a function of acorn availability (measured in bushels). What is the

ds
current value of —7
da

A2 C. 200
B. 100 D. 50

(b) The scenario gives you information regarding the rate of growth of a(t), the acorn
availability as a function of time (measured in weeks). What is the current value of

a,

dt

A2 C. 200
B. 100 D. 50

ds
(c) Given all the information provided, what is your best guess for the value of o the

rate at which the squirrel population is growing per week?

A. 2 C. 200
B. 100 D. 50
ds da d
(d) Given your answers above, what is the relationship between d—s, d_('Z’ d—j?
a

Theorem 2.5.5 Chain Rule. When looking at the composite function f(g(x)), we have
that

E(f(g(x))) = f'(g(2)) - ¢' ().
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Using differential notation, if we consider the composite function (v ou)(x), we have that

dv dv du

dr  du dz’
This is known as the chain rule.

Warning 2.5.6 [t is important to consider the input of a function when taking the derivative!

d
In fact, f'(g(z)) and f'(x) are different functions... So computing d_v gives a different result
x

o dv
than computing T
U

Activity 2.5.7

(a) Consider the function f(z) = —2? +5 and g(x) = 2x — 1. Notice that f(g(z)) =
—42% + 42 + 4. Which of the following is the derivative function of the composite
function f(g(x))?

A —8zx+4 C. -2z
B. -4z D. 2

(b) One of the options above is a formula for f'(x) - ¢’(x). Which one? Notice that this is
not the same as the derivative of f(g(x))!

Activity 2.5.8 Consider the composite function h(z) = v/e? = e2. For each of the two
expressions, find the derivative using the chain rule. Which of the following expressions are
equal to A/ (x)? Select all!

1 -1 : 1
Al 5(696) - D. 65-5
1 B
B. —(ex)%-ex D) 1 e
2 : 2
1
C. —e2 x . T
262 F. ver-e

Activity 2.5.9 Below you are given the graphs of two functions: a(z) and b(x). Use the
graphs to compute vaules of composite functions and of their derivatives, when possible
(there are points where the derivative of these functions is not defined!). Notice that to
compute the derivative at a point, you first want to find the derivative as a function of x
and then plug in the input you want to study.
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ao(z) ! ! b(x)
2 e 2

[ 9
|
DO

Figure 47 The graphs of a(z) and b(z)

(a) Notice that the derivative of a o b is given by a/(b(z)) - b'(z), so the derivative of aob
at © = 4 is given by the quantity a'(b(4)) - b'(4) = a/(—2) - b'(4), because b(4) = —2.
Using the graphs to compute slopes, what is the derivative of a o b at x = 47

A O E. 2

B. -1 F. The derivative does not exist at this
C. 1 point.

D. -2

(b) Which of the following values is the derivative of a o b at z = 27

A0 E. 2

B. -1 F. The derivative does not exist at this
C. 1 point.

D. -2

(c) Which of the following values is the derivative of b o a (different order!) at x = —27

A0 E. 2

B. -1 F. The derivative does not exist at this
C. 1 point.

D. -2

Activity 2.5.10 In this activity you will study the derivative of cos™(x) for different powers
n.

(a) Consider the function cos?(x) = (cos(z))?. Combining power and chain rule, what do
you get if you differentiate cos?(x)?
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A. — cos?(x)sin() C. 2cos(x)sin(z)

B. — cos?(z) sin(x) D. —2cos(z) sin(x)

(b) Consider the function cos®(z). Find its derivative.
(c) Consider the function cos™(x), for n any number. Find the general formula for its
derivative.

Activity 2.5.11 In this activity you will study the derivative of v°*® for different bases b.

COos

(a) Consider the function ¢®®), Combining exponential and chain rule, what do you get

if you differentiate e®5(®)?
A ecos(m) C. e sin(z)

B. —e@ gin(z) D. @ gin(z)

(b) Consider the function 2°*(*). Find its derivative.
(c) Consider the function b for b any positive number. Find the general formula for
its derivative.

Remark 2.5.12 Remember that exponential and power functions obey very different differ-
entiation rules. This behavior continues when we consider composite function. The compos-
ite power function f(z)® has derivative

3[f ()] - f'(x)
but the composite exponential function 3/*) has derivative

In(3) 3/ . f'(a)

Activity 2.5.13 Demonstrate and explain how to find the derivative of the following func-
tions. Be sure to explicitly denote which derivative rules (chain, product, quotient, sum/
difference, etc.) you are using in your work.

1.
flx) = —(4z —3e" +4)°
2.
k(w) =9 cos (w%)
3.
h(y) = =3 sin (—=5¢y* +2y — 5)
4.

(SR

g(t) =9 cos ()

Answer.
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1.
fl(x) =34z —3e" +4)°(3e” —4)
2. 63
E'(w) = 5 w5 sin <w5>
3.
W(y) =65y —1)cos (=5y* +2y —5)
4.

g(1) =~ cos (1)

Activity 2.5.14 Notice that

(M) = (f(z) - g(x)™)

g(x)

Use this observation, the chain rule, the product rule, and the power rule (plus some fraction
algebra) to deduce the quotient rule in a new way!

Activity 2.5.15 Remember my neighborhood squirrel invasion? The squirrel population
grows based on acorn availability, at a rate of 2 squirrels per bushel of acorns. Acorn
availability grows at a rate of 100 bushels of acorns per week. Considering this information
as pertaining to the moment ¢ = 0, you are given the following possible model for the squirrel:

s(a(t)) = 2a(t) + 10 = 2 (50 sin(2¢t) + 60) + 10,

d d
(a) Check that the model satisfies the data & —9and &

da dt 1o = 100

d d
(b) Find the derivative function d—i and check that d—j\tzo = 200.

(c) According to this model, what is the maximum and minimum squirrel population?
What is the fastest rate of increase and decrease of the squirrel population? When will
these extremal scenarions occur?

Activity 2.5.16 Suppose that a fish population at ¢ months is approximated by
P(t) = 100 - 49
(a) Find P(10) and use units to explain what this value tells us about the population.

(b) Find P’(10) and use units to explain what this value tells us about the population. (If
you want to avoid using a calculator, you can use the approximation In(4) = 1.4.)
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2.5.2 Videos

Standalone

Figure 48 Video for DF5

2.5.3 Exercises

Exercises available at https://tbil.org/calculus/2024/exercises/#/bank/DF5/

2.6 Differentiation Strategy (DF6)

Learning Outcomes

o Compute derivatives using a combination of algebraic derivative rules.

2.6.1 Activities

Activity 2.6.1 Consider the functions defined below:
f(z) = sin((2* + 3z) cos(2z))
g(x) = sin(z® + 3z) cos(2z)
(a) What do you notice that is similar about these two functions?
(b) What do you notice that is different about these two functions?

(c) Imagine that you are sorting functions into different categories based on how you would
differentiate them. In what category (or categories) might these functions fall?

Remark 2.6.2 To take a derivative, we need to examine how the function is built and
then proceed accordingly. Below are some questions you might ask yourself as you take the
derivative of a function, especially one where multiple rules might need to be used:

1. How is this function built algebraically? What kind of function is this? What is the
big picture?


https://tbil.org/video-DF5.html
https://tbil.org/calculus/2024/exercises/#/bank/DF5/
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2. Where do you start?
3. Is there an easier or more convenient way to write the function?
4. Are there products or quotients involved?

5. Is this function a composition of two (or more) elementary functions? If so, what are
the outside and inside functions?

6. What derivative rules will be needed along the way?

Activity 2.6.3 Consider the function f(z) = 2°v/3 — 822.

(a) You will need multiple derivative rules to find f’(z). Which rule would need to be
applied first? In other words, what is the big picture here?

A. Chain rule D. Quotient rule
B. Power rule

C. Product rule E. Sum/difference rule

(b) What other rules would be needed alon