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For Instructors

Team-Based Inquiry Learning. The book is not written as a traditional textbook. In-
stead, it is an activity book designed for use in a classroom using the Team-Based Inquiry
Learning (TBIL) pedagogy. TBIL is an active learning pedagogy combining the philosophy
of inquiry-based learning with the structure of Team-Based Learning.

A TBIL course is broken down into modules, which correspond to the chapters of this
book. Each module starts with a Readiness Assurance Process to check understanding
of and and solidify prerequisite knowledge (from other courses or previous modules) that
will be needed in the upcoming module. The beginning of each chapter provides a list of
these Readiness Assurance outcomes, along with study resources and exercise students can
use to refresh themselves on this prerequisite knowledge. Readiness Assurance Tests that
assess this knowledge are available as part of the TBIL Resource Libary. Join the TBIL
community (see Community and Support) to gain access to these.

Within each module there is a varying amount of sections, one per learning outcome. Each
section is designed to guide students into being able to demonstrate their understanding of
that specific outcome. The learning outcome can be tested with a Checklt Exercise, which
are linked at the end of each section.

Within each section, students work in teams (typically during class) on the Class Activ-
ities, which are interspersed with definitions, theorems, remarks, examples, etc. as needed
to guide the learning process. The activities begin in an exploratory way and then proceed
to build concepts on the results of these explorations. The concepts are then practiced with
decreasing amounts of scaffolding to build fluency. Finally, towards the end of the section
we connect the concepts and extend them to new settings.

Each section/learning outcome is designed with an exercise, a specific set of tasks, that
the students need to be able to solve to demonstrate their competency. Virtually limitless
randomized versions of the exercise can be generated via Checklt to build a problem bank
and allow for reassessments.

Instructor Version. An instructor version of this text is available at tbil.org. The
instructor version includes answers for the activities and facilitation notes for instructors
interspersed through the book.

Community and Support. If you are adopting this text in your class, please fill out this
short form so we can track usage, let you know about updates, etc.
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Chapter 1
Limits (LT)

Learning Outcomes

How do we measure “close-by” values?
By the end of this chapter, you should be able to...

1. Find limits from the graph of a function.

2. Infer the value of a limit based on nearby values of the function.

3. Compute limits of functions given algebraically, using proper limit properties.
4. Determine where a function is and is not continuous.

5. Determine limits of functions at infinity.

6. Determine limits of functions approaching vertical asymptotes.

Readiness Assurance.

Before beginning this chapter, you should be able to...
a Use function notation and evaluate functions

o Review: Khan Academy
o Practice:

o Evaluate functions
o Evaluate functions from their graphs

o Function notation word problems
b Find the domain of a function

e Review: Khan Academy

e Practice: Determine the domain of functions



https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions#x2f8bb11595b61c86:evaluating-functions
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions/x2f8bb11595b61c86:evaluating-functions/e/functions_1?modal=1
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions/x2f8bb11595b61c86:evaluating-functions/e/evaluate-functions-from-their-graph?modal=1 
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions/x2f8bb11595b61c86:interpreting-function-notation/e/function-notation-in-context?modal=1 
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions#x2f8bb11595b61c86:determining-the-domain-of-a-function
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions/x2f8bb11595b61c86:determining-the-domain-of-a-function/e/domain-of-algebraic-functions?modal=1 
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¢ Determine vertical asymptotes, horizontal asymptotes, and holes (removable dis-
continuities) of rational functions

o Review:
o Discontinuities of rational functions
o Finding horizonal asymptotes
o Practice:
o Rational functions: zeros, asymptotes, and undefined points

o Finding horizonal asymptotes
d Perform basic operations with polynomials

o Review:
o Adding and subtracting polynomials
o Multiplying polynomials

o Practice:

o Add polynomials
o Subtract polynomials
o Multiply binomials by polynomials

e Factor quadratic expressions

e Review: Khan Academy

e Practice: Factoring quadratics intro

f Represent intervals using number lines, inequalities, and interval notation

o Review: Varsity Tutor

1.1 Limits Graphically (LT1)

Learning Outcomes

e Find limits from the graph of a function.

1.1.1 Activities

Activity 1.1.1 In Figure 1.1.2 the graph of a function is given, but something is wrong. The
graphic card failed and one portion did not render properly. We can’t see what is happening

in the neighborhood of x = 2.


https://www.khanacademy.org/math/precalculus/x9e81a4f98389efdf:rational-functions#x9e81a4f98389efdf:discontinuities-of-rational-functions 
https://www.softschools.com/math/calculus/finding_horizontal_asymptotes_of_rational_functions/
https://www.khanacademy.org/math/precalculus/x9e81a4f98389efdf:rational-functions/x9e81a4f98389efdf:discontinuities-of-rational-functions/e/points-of-discontinuity-of-rational-functions?modal=1 
https://www.softschools.com/math/calculus/finding_horizontal_asymptotes_of_rational_functions/
https://www.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:get-ready-for-polynomials#x65c069afc012e9d0:adding-and-subtracting-polynomials
https://www.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:get-ready-for-polynomials/x65c069afc012e9d0:multiplying-binomials-by-polynomials/a/multiplying-binomials-by-polynomials-review
https://www.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:get-ready-for-polynomials/x65c069afc012e9d0:adding-and-subtracting-polynomials/e/adding_and_subtracting_polynomials?modal=1
https://www.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:get-ready-for-polynomials/x65c069afc012e9d0:adding-and-subtracting-polynomials/e/subtract-polynomials?modal=1
https://www.khanacademy.org/math/get-ready-for-precalculus/x65c069afc012e9d0:get-ready-for-polynomials/x65c069afc012e9d0:multiplying-binomials-by-polynomials/e/multiplying_polynomials?modal=1 
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:quadratics-multiplying-factoring/x2f8bb11595b61c86:factor-quadratics-intro/a/factoring-simple-quadratics-review?modal=1 
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:quadratics-multiplying-factoring/x2f8bb11595b61c86:factor-quadratics-intro/e/factoring_polynomials_1?modal=1 
https://www.varsitytutors.com/hotmath/hotmath_help/topics/interval-notation
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Figure 1.1.2 A graph of a function that has not been rendered properly.

(a) Imagine moving along the graph toward the missing portion from the left, so that you
are climbing up and to the right toward the obscured area of the graph. What y-value
are you approaching?

A. 05 C. 15 E. 2.5
B. 1 D. 2
Answer. B.1

(b) Think of the same process, but this time from the right. You're falling down and to
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the left this time as you come close to the missing portion. What y-value are you

approaching?
A. 05 C. 15 E. 25
B. 1 D. 2

Answer. B.1

Activity 1.1.3 In Figure 1.1.4 the graphic card is working again and we can see more clearly
what is happening in the neighborhood of z = 2.

f(z)

Figure 1.1.4 A graph of a function that has rendered properly
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(a) What is the value of f(2)?

Answer. Does not exist.

(b) What is the y-value that is approached as we move toward x = 2 from the left?

A. 0.5 C. 1.5 E. 2.5
B. 1 D. 2
Answer. B.1

(c) What is the y-value that is approached as we move toward x = 2 from the right?

A. 05 C. 15 E. 2.5
B. 1 D. 2
Answer. B.1

Remark 1.1.5 When studying functions in algebra, we often focused on the walue of a
function given a specific z-value. For instance, finding f(2) for some function f(z). In
calculus, and here in Activity 1.1.1 and Activity 1.1.3, we have instead been exploring what
is happening as we approach a certain value on a graph. This concept in mathematics is
known as finding a limit.

Activity 1.1.6 Based on Activity 1.1.1 and Activity 1.1.3, write your first draft of the
definition of a limit. What is important to include? (You can use concepts of limits from
your daily life to motivate or define what a limit is.)

Definition 1.1.7 Given a function f, a fixed input x = a, and a real number L, we say that
f has limit L as x approaches a, and write

lim f(z) =L

r—a

provided that we can make f(z) as close to L as we like by taking z sufficiently close (but
not equal) to a. If we cannot make f(x) as close to a single value as we would like as x
approaches a, then we say that f does not have a limit as = approaches a. O

Activity 1.1.8
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J\)

Figure 1.1.9 A piecewise-defined function
(a) What is the limit as x approaches 0 in Figure 1.1.97

A. The limit is 1 C. The limit is 0
B. The limit is -1 D. The limit is not defined

Answer. D. The limit is not defined
Definition 1.1.10 We say that f has limit Ly as x approaches a from the left and write

lim f(x) =Ly

r—a—
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provided that we can make the value of f(x) as close to L; as we like by taking z sufficiently
close to a while always having © < a. We call L; the left-hand limit of f as x approaches a.
Similarly, we say Lo is the right-hand limit of f as x approaches a and write

lim f(z)= Lo

z—at

provided that we can make the value of f(x) as close to Ly as we like by taking z sufficiently
close to a while always having z > a. O

Activity 1.1.11 Refer again to Figure 1.1.9 from Activity 1.1.8.

(a) Which of the following best matches the definition of right and left limits? (Note that
DNE is short for “does not exist.”)
A. The left limit is -1. The right limit is 1.
B. The left limit is 1. The right limit is -1.
C. The left limit DNE. The right limit is 1.
D. The left limit is -1. The right limit DNE.
E. The left limit DNE. The right limit DNE.

Answer. A. The left limit is -1. The right limit is 1.
(b) What do you think the overall limit equals?
A. The limit is 1 C. The limit is 0

B. The limit is -1 D. The limit is not defined

Answer. D. The limit is not defined
Activity 1.1.12 Consider the following graph:
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Figure 1.1.13 Another piecewise-defined function
(a) Find lim f(x) and lim f(x).
T——3" z——31

Answer. lim f(z)=3and lim f(z)=3
T——3~ z——3t+

(b) Find lim f(x)and lim f(z).
r——1" z——171
Answer. lim f(z)=2 and 111%+ f(z) = DNE
T——

r——1"

(c) Find hl’;l_ f(x) and lim f(x).

r—21
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Answer. lim f(z)=0.5and lim f(x)= -3

T2~ z—2+

(d) Find hr?, f(z) and 1ir£+ f(z).

Answer. lim f(x) =-3 and lim f(z) = —3

T—4- z—4+

(e) For which a-values does the overall limit exist? Select all. If the limit exists, find it.
If it does not, explain why.

A -3 C. 2
B. -1 D. 4

Answer. At A. -3 and D. 4, the limit exist.

Activity 1.1.14 Sketch the graph of a function f(x) that meets all of the following criteria.
Be sure to scale your axes and label any important features of your graph.

1. lim f(z) is finite, but lim f(z) is infinite.

z—5~ z—51
2. xlg{lsf(x) = —4, but f(-3) =0.

3. lim f(z)= —1 but liI_]%Jr f(z) # —1.

T——1"

Theorem 1.1.15 Suppose that:
e for an interval around x = a, we have that f(z) < g(z) < h(z) ;

e the limit as x approaches a of f(x) is equal to the same value L as the limit of h(x),
so lim f(z) = L = lim h(x).
r—a T—a

Then, the limit of g(x) as x — a is also L, so lim g(x) = L.
T—a

Activity 1.1.16 In this activity we will explore a mathematical theorem, the Squeeze The-
orem (Theorem 1.1.15).

(a) The part of the theorem that starts with “Suppose..” forms the assumptions of the
theorem, while the part of the theorem that starts with “Then..” is the conclusion
of the theorem. What are the assumptions of the Squeeze Theorem? What is the
conclusion?

(b) The assumptions of the Squeeze Theorem can be restated informally as “the function
g is squeezed between the functions f and h around a.” Explain in your own words
how the two assumptions result into a “squeezing effect.”

(c) Let’s see an example of the application of this theorem. First examine the following
picture. Explain why, from the picture, it seems that both assumptions of the theorem
hold.
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